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Abstract
We organize the homogeneous special geometries, describing as well the couplings of
D = 6, 5, 4 and 3 supergravities with 8 supercharges, in a small number of universality
classes. This relates manifold on which similar types of dynamical solutions can exist. The
mathematical ingredient is the Tits-Satake projection of real simple Lie algebras, which
we extend to all solvable Lie algebras occurring in these homogeneous special geometries.
Apart from some exotic cases all the other, ’very special’, homogeneous manifolds can be
grouped in seven universality classes. The organization of these classes, which capture
the essential features of their basic dynamics, commutes with the r- and c-map. Different
members are distinguished by different choices of the paint group, a notion discovered in
the context of cosmic billiard dynamics of non maximally supersymmetric supergravities.
We comment on the usefulness of this organization in universality class both in relation
with cosmic billiard dynamics and with configurations of branes and orbifolds defining
special geometry backgrounds.
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1 Introduction
The recent interest for applications of string theory to cosmology has stimulated the investiga-
tion of supergravity solutions where all the fields depend only on time [1, 2]. As it was pointed
out in [3], the search and classification of such backgrounds amounts, via dimensional reduction
and oxidation, to a systematic study of supergravity dimensionally reduced to 1+0 dimensions,
where all degrees of freedom are represented by scalars and where the duality symmetries of
string/supergravity theory are maximally enlarged and made manifest. Actually the reduction
of all degrees of freedom to scalars occurs already at the level of D = 3 dimensions [4, 5] and,
for this reason, a convenient view point is provided by regarding the effective one-dimensional
σ–model:
S =
∫ √
γ(t) dt
[−γ00(t)∂tφI∂tφJ gIJ(φ)] (1.1)
as embedded in the D = 3 σ–model:
S =
∫ √
γ(x) d3x
[−γµν(x)∂µφI∂νφJ gIJ(φ)] , (1.2)
where gIJ(φ) is the metric on the D = 3 scalar manifoldMscalar, whose geometry and structure
are dictated, for various values of NQ = # of supercharges, by supersymmetry and whose
isometries encode the string duality algebras. For instance, when NQ ≥ 12 the manifold
Mscalar is necessarily a homogeneous symmetric space within certain classes (16 ≥ NQ ≥ 12)
or just a completely fixed coset manifold G/H for 32 ≥ NQ > 16.
For 12 > NQ ≥ 8 the scalar manifoldMscalar is not necessarily a homogeneous space G/H,
yet its geometry is severely restricted to fall into a hierarchy of special classes that have received
the, by now well established, name of N = 2 special geometries. These geometries are mainly
defined by a constraint of restricted holonomy and by the existence of certain characteristic
bundles dictating the structure of their metric. N = 2 special geometries include:1
1. The very special real geometry described by the vector multiplet scalars in D = 5 di-
mensions [8, 9].
2. The special Ka¨hler geometry of vector multiplet scalars in D = 4 space-time dimensions
[10, 11, 12].
3. The quaternionic-Ka¨hler geometry of hypermultiplet scalars in D = 4 or of just all the
available scalars in the sigma model to which any NQ = 8 supergravity reduces in D = 3
[13].
Dimensional reduction on a circle provides a well understood and extremely powerful relation
of inclusion between the above mentioned three classes of special geometries, usually named
the c-map [14] and the r-map [15]:
Very Special real
r-map
=⇒ Special Ka¨hler c-map=⇒ Quaternionic-Ka¨hler (1.3)
1A six-dimensional counterpart was discussed in [6, 7] and will be reviewed in section 2.4.
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The r-map defines for any very special real manifold, say of dimension n − 1, a special
Ka¨hler manifold of real dimension 2n, and the c-map defines for any special Ka¨hler mani-
fold a quaternionic-Ka¨hler manifold of dimension 4(n+ 1). To clarify names, the quaternionic
spaces that are in the image of the c–map are called special quaternionic manifolds, and those
that are in the image of the composed r ◦ c–map are called very special quaternionic. The
similar convention is used also for special Ka¨hler spaces, that are called very special Ka¨hler if
they are in the image of the r–map.
Homogeneous quaternionic-Ka¨hler manifolds have rank at most 4. Since under reduction
on a circle the rank of the space is increased by precisely one unit, all quaternionic manifolds
of rank r ≥ 3 have nonempty c and r ◦ c predecessors, and are thus ‘very special’. It happens
that for these manifolds the mapping could be extended further to a supergravity theory for
D = 6 [6, 7] and for the case r = 4 this also includes a scalar manifold. These steps allow us
to understand the higher dimensional origin of some important compact symmetries acting on
the scalar manifolds of D = 3, 4, 5 supergravities, as we will discuss in section 2.4.
Hence in the context of the construction and classification of time-dependent supergravity
solutions, the reasoning recalled above shows that for theories withNQ = 8, the relevant special
geometry is that popping out in D = 3, namely quaternionic geometry. Yet the inclusion
relations of the r- and c-maps are just of vital use in dimensional oxidation, namely they are
essential to reinterpret the sigma model solutions as full-fledged supergravity backgrounds in
higher dimensions.
As stressed above, special geometry manifolds are not necessarily homogeneous spaces:
for instance they include the moduli spaces of complex structures or of Ka¨hler classes for
Calabi-Yau threefolds. Yet a large and rich subclass of special manifolds is provided by the
special homogeneous manifolds SH which have all been classified and studied systematically
[16, 15]. They describe a large class of supergravity models associated for instance with orbifold
or orientifold compactification of superstrings and also with a variety of brane constructions
[17, 18, 19]. They occur in T2 ×K3 compactifications and typically they describe the large
radius limit of Calabi-Yau moduli spaces.
The main point of this paper deals with the Tits-Satake (TS) projection of these special
homogeneous (SH) manifolds :
SH Tits-Satake=⇒ SHTS (1.4)
and with the related concept of Paint Group which was introduced in [20].
Let us explain what this means and let us summarize our main result.
It turns out that one can define an algorithm, the Tits-Satake projection piTS which works
on the space of homogeneous manifolds with a solvable transitive group of motions GM and
associates to any such manifold another one. This map has a series of very strong distinctive
features:
1. piTS is a projection operator, so that several different manifolds SHi (i = 1, . . . , k) have
the same image piTS (SHi).
2. piTS preserves the rank of GM namely the dimension of the maximal Abelian subalgebra
with semisimple elements (Cartan subalgebra or CSA) of GM .
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3. piTS maps special homogeneous into special homogeneous manifolds, and preserves the
three classes of special manifolds discussed above, except for the quaternionic-Ka¨hler
manifolds that are not very special. Thus, apart from these exceptions, it maps very
special real into very special real, maps special Ka¨hler into special Ka¨hler and maps
quaternionic-Ka¨hler into quaternionic-Ka¨hler.
4. piTS commutes with the r- and c-map, so that we obtain the following commutative
diagram:
Very Special real
r-map
=⇒ Special Ka¨hler c-map=⇒ Quaternionic-Ka¨hler
piTS ⇓ piTS ⇓ piTS ⇓
(Very Special real)TS
r-map
=⇒ (Special Ka¨hler)TS
c-map
=⇒ (Quaternionic-Ka¨hler)TS
(1.5)
The exception mentioned under 3 means that the (Quaternionic-Ka¨hler)TS is itself not
quaternionic-Ka¨hler for the cases in which the original manifold does not have a very
special real predecessor. For Special Ka¨hler manifolds a similar conclusion holds : (Spe-
cial Ka¨hler)TS is itself not necessarily special Ka¨hler when the original manifold does not
have a very special real predecessor.
The main consequence of the above features is that the whole set of special homogeneous
manifolds and hence of associated supergravity models is distributed into a set of universality
classes which turns out to be composed of extremely few elements, altogether 7 very special
classes, 3 further special classes, and 2 classes of quaternionic projective spaces. By definition
we put into the same class all those manifolds (i.e. supergravity models) that have the same
Tits-Satake projection or are connected by a c– or r–map.
Such an organization of supergravity theories into universality classes might seem at first
sight quite arbitrary, but there are instead strong indications that just the opposite is true.
Indeed the Tits-Satake projection seems to capture for each model the few truly essential
degrees of freedom in whose dynamics is encoded the qualitative behaviour of the solutions for
the whole class. Specifically all the classical solutions of the Tits-Satake projected theory are
bona fide solutions for all the theories in its universality class, although not all solutions of each
element of the class can be obtained in this way. The additional solutions which are specific
to each element of the same class seem to be finer modulations of the solutions contained in
the Tits-Satake universal model. In certain string solutions, which we shall discuss later, the
Tits-Satake universal model describes the bulk excitations and positions of branes, while the
related unprojected models describe configurations with multiple overlapping branes.
That such behaviour is the case became clear in the study of cosmic billiards [2], which
is the context where the very notion of Tits-Satake projection of a supergravity model first
emerged [21, 20], and where the key notion of paint group was discovered2. We shall now briefly
review these facts in order to illustrate our previous statements and introduce the concept of
paint group. Yet we immediately want to stress that cosmic billiards are just only one example
of possible applications of the organization of supergravity models into Tits-Satake universality
classes. Many other applications are likely to be possible and relevant (black hole solutions
2In the context of symmetric spaces this corresponds to the group Gc in [22].
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just to mention some) since the projection map is a map on the entire theory and not just on
the billiard degrees of freedom.
The solvable Lie algebra parametrization of noncompact homogeneous manifolds, based on
classical theorems of differential geometry [23], was introduced into supergravity literature in
[24] and proved to be an extremely useful tool to address a variety of supergravity/superstring
problems [25, 26]. Its essential virtue is that it provides an algebraic characterization of the
scalar fields by identifying the scalar manifold Mscalar with a group manifold of a solvable
Lie algebra SolvM on which one can introduce an invariant non-degenerate symmetric form
< , >, obviously different from the Cartan Killing form, but diffeomorphic at each point of the
manifold M to its Riemannian metric.
A general mathematical theory [26, 27] allows us to construct SolvGR/H whenever M =
GR/H is a noncompact symmetric space. In this case, GR = exp[GR] is the exponential of a
noncompact real form GR of a semisimple Lie algebra G and H = exp[H] is the exponential 3
of its maximal compact subalgebra H ⊂ GR. The algebra SolvGR/H is constructed in terms of
Cartan generators and step operators associated with positive roots. There exist also homo-
geneous manifolds that are not symmetric spaces. In this case SolvM is also defined, but is
not derived from the real form of any semisimple Lie algebra GR. In this class fall several of
the homogeneous special manifolds classified in [28, 6] and considered in the present paper. A
related analysis for symmetric spaces is contained in the oxidation results of [22].
Irrespectively whether M is a symmetric space or not, the structure of SolvM is always of
the following type. There are r semisimple generators Hi, named the Cartan generators, and r
is called the (real) rank of SolvM. Furthermore there are nilpotent generators W`(α)α . Here, α
labels r–dimensional vectors ~α, with components αi, which we call ‘restricted roots ’ analogous
to the terminology used for symmetric spaces. The set of these vectors is denoted by ∆. These
vectors have in general multiplicities n(~α). This leads to the notation `(α), where for fixed α,
the number ` labels the multiplicities. The general structure is as follows:
SolvM =
{Hi,W`(α)α } , i = 1, . . . , r, ∀~α ∈ ∆ : `(α) = 1, . . . , n(~α),
r +
∑
α∈∆
n(~α) = dimM,

[Hi , Hj] = 0[
Hi , W`(α)α
]
= αiW`(α)α[
W`(α)α , Wm(β)β
]
= N
r(γ)
`(α)m(β)Wr(γ)γ N r(γ)`(α)m(β) 6= 0 ⇒ ~α + ~β = ~γ ∈ ∆.
(1.6)
If we consider the 1-dimensional σ-model (1.1) on a solvable target manifold that is the
group manifold of (1.6), the action takes the general form:
S =
∫
dt
~˙h · ~˙h+∑
α∈∆
e−2~α·
~h(t)Nα
(
φ, φ˙
) , (1.7)
where ~h is the vector of scalar fields hi associated with the Cartan generators, while Nα(φ, φ˙)
are a set of polynomial functions depending on the scalar fields φ`(α) associated with the
3Note that here and in the rest of this paper, we will talk about the exponential of a Lie algebra as a local
statement.
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nilpotent generators W`(α)α and on their time derivatives φ˙`(α). The fields hi evolve within the
domain where ~α · ~h > 0, for all ~α ∈ ∆ and they experience bounces when approaching the
walls of an ideal Weyl chamber, defined by ~α · ~h = 0 for any ~α. The name Weyl chamber is
justified by the following consideration: as already stated, the scalar fields φ`(α) correspond
to the nilpotent generators W`(α)α , which have gradings with respect to the Hi encoded in the
restricted root vectors ~α. These determine the position of the walls and this explains the
adopted nomenclature Weyl chamber. Recall that the walls are only determined by different
restricted root vectors, irrespective of the multiplicity with which these occur. This is the
essence of the Tits-Satake projection, where we restrict the generators to one for each different
root vector.
This type of scalar field evolution leads to the cosmic billiard paradigm. Indeed the fields
ehi(t) can be identified with the cosmic scale factors relative to the various compact and noncom-
pact dimensions of the 10 or 11–dimensional spacetime manifold and the bouncing phenomena
correspond to inversions in the expansion/contraction development of these scale factors. In
order to define the main features of billiard dynamics only a subset of the scalar fields φ`(α) is
needed. This subset contains one nilpotent scalar for each root entering the definition of the
”restricted root system” ∆. This is sufficient to define the positions of all the walls that cause
the inversions in the motion of a billiard ball with coordinates hi(t).
The scalar manifolds of maximal supergravity theories are symmetric spaces. Moreover,
these symmetric spaces have isometry groups that are maximally noncompact (‘split real
forms’). In such cases, the dynamical equations are integrable [3, 29]. We are, however,
interested also in non-maximal supergravity theories. In these cases the isometry groups are
not maximally noncompact. When we step down to NQ = 8 real supersymmetries or less, the
isometry group is not even necessarily a semi-simple group.
As we shall recall and summarize in section 3 the procedure leading to the identification of
the subalgebra GTS ⊂ GR is known in the mathematical literature as the Tits-Satake projection
[23], since it is due to the named authors, see for example [30]. It corresponds to a geometrical
projection of the root system ∆G of the original algebra onto a restricted root system ∆TS,
which entirely lies in the noncompact subspace of the Cartan subalgebra, the compact part
being projected out. This projection mechanism was applied in [21] to discuss the asymptotic
features of billiard dynamics and was demonstrated in [20] to generate exact analytic billiard
solutions of the complete GR/H supergravity theory. In the latter paper, the notion of paint
group was introduced, which is a pivotal tool to master the mechanism of the reduction to the
TS subalgebra and to classify the different theories belonging to the same universality class,
namely having the same Tits-Satake projection.
In short the notion of paint group is described as follows. As mentioned above, and il-
lustrated in (1.6), it happens that there are several roots of ∆G (i.e. generators of SolvG/H)
that have the same nonvanishing components along the noncompact directions. Then, the
Tits-Satake projection piTS projects them onto the same restricted root of ∆TS. It is a fact
that these copies of each restricted root arrange into representations {Dγ} of a compact group
Gpaint named in [20] the paint group. This latter acts as an external automorphism group of the
solvable Lie algebra SolvG/H. Altogether the set of representations {Dγ} have a little group of
stability called the subpaint group Gsubpaint ⊂ Gpaint and decomposing with respect to Gsubpaint
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we find:
Dγ Gsubpaint=⇒ 1︸︷︷︸
singlet
⊕D′γ ; (γ = 1, . . . ,# of representations) (1.8)
The singlets in these decompositions span, together with the Cartan generators, the Tits-
Satake projected solvable algebra SolvTS that defines a smaller homogeneous manifold MTS.
It often happens that this projected manifold is itself a symmetric space MTS = GTS/HTS,
having a semisimple group of isometries GTS.
Until now, the billiard mechanism was studied only for pure supergravities or for super-
gravity theories with more than 8 supersymmetries, which implies that the scalar manifolds
were all symmetric spaces. In this paper we will consider supergravity theories with 8 real
supercharges, leading to the aforementioned special geometries that include scalar manifolds
that are homogeneous but not symmetric manifolds. Our goal is the extension of the notion
of TS projection to all the solvable algebras underlying such manifolds. As anticipated, we
will show that this is indeed possible and that all models distribute into a very small set of
Tits-Satake universality classes. Furthermore, we shall study the systematics of paint groups
and subpaint groups.
As repeatedly emphasized, the scope of this organization of models into Tits-Satake classes
goes much beyond the context of cosmic billiards wherefrom it originated.
Before embarking on the projections, we recall the structure of homogeneous special ge-
ometries in section 2. This starts from the connection made between these manifolds and the
solvable algebras as exploited first in [28] for quaternionic-Ka¨hler manifolds. Then it recalls
the structure of the isometry algebras of homogeneous special manifolds, reviewing the results
of [31]. Finally we review the 6-dimensional origin of the very special geometries [6, 7] and
explain how the paint group is realized in this context.
The Tits-Satake projection is introduced in section 3. We start by recalling these notions
as they have been defined for symmetric spaces in [20]. We go in detail through one example,
E8/(E7× SU(2)), paying special attention to the notions of paint and subpaint group. Gener-
alizing this allows us to define the TS projection for homogeneous special geometries in section
3.3. We finish this section with giving already the structure of the results for the TS projection
for all homogeneous special geometries.
In section 4, we obtain these results from the systematic procedure outlined in section 3.3.
Again we first discuss the paint group for the symmetric spaces and then for homogeneous
special geometries. Finally, we obtain the subpaint groups for the latter.
This finally allows us to discuss in section 5 the universality classes of homogeneous special
geometries. We end in section 6 with a summary of the results and identify outstanding
problems for which these results are useful. One of these is the application to a system of
D3/D7 branes, which is discussed in more detail as appendix A. The appendix B contains an
important prerequisite for this work: a summary of properties of real Clifford algebras.
2 Homogeneous special manifolds
In the present section our aim is that of reviewing the structure of homogeneous special man-
ifolds as it emerged from the classification of [28, 32, 31].
8
2.1 Classification of homogeneous quaternionic-Ka¨hler manifolds
In general, quaternionic-Ka¨hler manifolds can be homogeneous or non homogeneous, compact
or noncompact, and when they are homogeneous they can be symmetric or not. The homoge-
neous ones are of the form G/H, where G is the group of isometries, which is not necessarily a
semi-simple group, and H is its isotropy group. If H is a symmetric subgroup4 of G, then the
space G/H is symmetric.
In this paper we are interested in homogeneous noncompact quaternionic-Ka¨hler
manifolds. The noncompactness is due to the fact that in supergravity the Ricci curvature
of the manifold should be negative. Alekseevsky conjectured in [28] that all such spaces are
exhausted by the so-called normal quaternionic manifolds. A quaternionic space is normal if
it admits a completely solvable5 Lie group exp[SolvM] of isometries that acts on the manifold
in a simply transitive manner (i.e. for every 2 points in the manifold there is one and only one
group element connecting them). The group SolvM is then generated by a so-called normal
metric Lie algebra, that is a completely solvable Lie algebra endowed with a Euclidean metric.
The main tool to classify and study the normal homogeneous quaternionic spaces is provided
by the theorem that states that if a Riemannian manifold (M, g) admits a transitive normal
solvable group of isometries exp SolvM, then it is metrically equivalent to this solvable group
manifold
M ' exp [SolvM ]
g |e∈M = <,> , (2.1)
where <,> is a Euclidean metric defined on the normal solvable Lie algebra SolvM.
The conjecture of Alekseevsky thus implies that for every homogeneous quaternionic-Ka¨hler
space of negative Ricci curvature M there exists a transitive solvable group of isometries,
exp [SolvM], which can be identified with the manifold itself. Classifying these manifolds is
then achieved by classifying the corresponding solvable algebras.
As for any other solvable group manifold with a non degenerate invariant metric6 the
differential geometry of the manifold is completely rephrased in algebraic language through
the relation of the Levi-Civita connection and the Nomizu operator acting on the solvable Lie
algebra. The latter is defined as
L : SolvM ⊗ SolvM → SolvM, (2.2)
∀X, Y, Z ∈ SolvM : 2 < LXY, Z >=< [X, Y ], Z > − < X, [Y, Z] > − < Y, [X,Z] > .
The Riemann curvature operator on this group manifold can be expressed as
Riem(X, Y ) = [LX ,LY ]− L[X,Y ]. (2.3)
4H is a symmetric subgroup of G if their corresponding Lie algebras verify G = H+K with [H,K] ⊂ K and
[K,K] ⊂ H.
5A solvable Lie algebra s is completely solvable if the adjoint operation adX for all generators X ∈ s has
only real eigenvalues. The nomenclature of the Lie algebra is carried over to the corresponding Lie group in
general in this paper.
6See [24], [25], [27] for reviews on the solvable Lie algebra approach to supergravity scalar manifolds.
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The holonomy algebra Γ of SolvM is defined as the Lie algebra generated by the curvature
operator Riem and all of its commutators with Nomizu operators
[LX1 , . . . , [LXk ,Riem(Xk+1, Xk+2)] . . .], Xk ∈ SolvM . (2.4)
A quaternionic structure on the Euclidean space spanned by SolvM is the linear Lie algebra
Q generated by three anticommuting complex structures J1, J2, J3 = J1 J2 satisfying J
2
x = −1,
where x = 1, 2, 3. The centralizer and the normalizer of Q in the set of all antisymmetric
endomorphisms of SolvQ = SolvM are respectively denoted C(Q) and N(Q). A metric Lie
algebra is called quaternionic if there exists a quaternionic structure Q such that the normalizer
N(Q) contains the holonomy algebra Γ 7
Γ ⊂ N(Q) (2.5)
The normalizer has the structure N(Q) = Q+C(Q) and the quaternionic structure Q and its
centralizer C(Q) are the algebras of the Lie groups USp(2) and USp(2n), respectively. This is
the algebraic counterpart of those items in the definition of a quaternionic-Ka¨hler manifold,8
which require its holonomy algebra to be given by a subgroup of USp(2) × USp(2n). The
curvature tensor Riem will then indeed take the general form as required by the definition of
quaternionic-Ka¨hler manifolds:
Riem(X, Y ) = R0x(X, Y ) Jx + R¯(X, Y ) (2.6)
where R¯ ∈ USp(2n) is the curvature tensor of type C(Q) and the tensor R0 ∈ USp(2) is the
curvature of an USp(2) bundle constructed over the considered manifold. The statement in the
definition of a quaternionic-Ka¨hler manifold that the curvature of this USp(2) bundle should
be proportional to the hyper-Ka¨hler 2–forms induced by the three complex structures J1,2,3, is
then given in algebraic terms as:
R0x(X, Y ) = −12ν < JxX, Y > . (2.7)
The number ν is in supergravity −κ2, where κ is the gravitational coupling constant. The
complex structures Jx should also satisfy “integrability conditions”, expressed in terms of the
Nijenhuis tensor [28].
The complete solvability of the algebra SolvM and the structure equation (2.7) imply that
any normal quaternionic algebra contains a subalgebra of quaternionic dimension one, which
is called the canonical quaternionic subalgebra E. There are two possibilities for the canonical
quaternionic subalgebra: it can either be Solv (SU(2, 1)) or Solv (USp(2, 2)). It was found by
7For manifolds of quaternionic dimension 1 this statement is trivial, since N(Q) = USp(2)×USp(2) = SO(4)
in that case. Therefore, one usually supplements the definition of a quaternionic manifold with the restriction
that the Riemann tensor be annihilated by the three complex structures :
(Jα ·R)XYWZ ≡ JαXVRV YWZ + JαY VRXVWZ + JαZVRXYWV + JαWVRXY V Z = 0 .
This condition is trivially satisfied for manifolds of quaternionic dimension bigger than one, but gives a non-
trivial restriction for quaternionic dimension 1, which is the restriction necessary for this manifold to encode
supersymmetric hypermultiplet couplings.
8see for instance [12, 27, 33] for the definition of quaternionic-Ka¨hler manifolds.
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Alekseevsky that for any quaternionic dimension n there is a unique (up to scaling) normal
quaternionic Lie algebra admitting Solv (USp(2, 2)) as the canonical quaternionic subalgebra.
The corresponding quaternionic manifolds are the hyperbolic spaces HnH that are the symmetric
cosets exp SolvM ' USp(2,2n)USp(2)×USp(2n) .
On the other hand, when E = Solv (SU(2, 1)), the corresponding normal quaternionic
algebras have the following structure
M = exp [SolvQ] , SolvQ = U + U˜ ,
[U,U ] ⊆ U,
[
U, U˜
]
⊆ U˜ ,
[
U˜ , U˜
]
⊆ U, (2.8)
where U ⊂ SolvQ is a subalgebra that is stable with respect to the action of a complex structure
J1: J1 U = U . By restriction of the structural equation (2.7) on the subspace U it can be proved
that U is a Ka¨hler algebra9. It is called the principal Ka¨hlerian algebra. The subspace U˜ is
related to U by the action of a second complex structure J2: U˜ = J2 U . The representation
TU : U˜ → U˜ , induced by the adjoint action of U , has to satisfy conditions arising from the
structural equation and integrability conditions. It was called a Q–representation and its main
feature is that it is symplectic with respect to a suitable form Jˆ expressed in terms of J1. The
structure of U can be represented as follows:
U =
r∑
I=1
UI , UI = FI +XI , (2.9)
where UI are called elementary Ka¨hler subalgebras while r is equal to the rank of the normal
quaternionic manifold. The two–dimensional subalgebras FI are so called key algebras. In
general a key algebra F can be described in terms of an orthonormal basis {h, g}, where
g = J1 h. The commutation relation between the basic elements is [h, g] = µg. The number
µ is called the root of the key algebra; from the requirement that TU is a Q-representation, it
follows that it can only take the values (1, 1√
2
, 1√
3
), defining the type I, type II and type III
key algebras, respectively. Any key algebra generates a space SU(1,1)
U(1)
. An elementary Ka¨hler
subalgebra F +X is then defined by the following commutation relations [32]
[h, g] = µ g, [h, x] =
µ
2
x, [g, x] = 0, [x, y] = µ < J1 x, y > g, (2.10)
x, y being elements of the space X. The collection of generators hI of FI generate the Cartan
subalgebra of SolvQ.
The canonical quaternionic subalgebra has the structure E = F0 + J2 F0, where F0 is a
key algebra of type I, which is stable under the action of the complex structure J1. Since the
intersection of U with E is given by F0, the structure of U can also be specified as
U = F0 + SolvSK , SolvSK =
r−1∑
i=1
Fi +Xi . (2.11)
9We define Ka¨hler algebra as the solvable algebra of motions, generating a (homogeneous) Ka¨hler manifold.
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The second term, denoted as SolvSK , is called a normal Ka¨hler subalgebra, as it generates the
normal special Ka¨hler space related to the quaternionic-Ka¨hler manifold by the c–map. This
algebra has rank r − 1.
We now give an overview of the possible quaternionic algebras according to their rank.
While going over this classification, the reader can be guided by the last column of table 2. For
later convenience, we will also indicate the weights of the different generators of the algebra.
Rank 1. For the rank 1 spaces two important classes can be distinguished, according to
whether the canonical quaternionic subalgebra is Solv(USp(2, 2)) or Solv(SU(2, 1)). The
algebras with Solv(USp(2, 2)) as canonical quaternionic subalgebra will be denoted as
SolvQ(−3, P ). They are the only spaces with Solv(USp(2, 2)) as canonical subalgebra
and they are given explicitly by the following symmetric spaces:
exp [SolvQ (−3, P )] ' USp(2P + 2, 2)
USp(2P + 2)× SU(2) (2.12)
When P = 0 their solvable algebra consists of four generators : one Cartan generator and
three generators of weight 1, that is a positive root of SU(1, 1). The weight structure for
P > 0 is different, there is an additional set of 4P generators with weight 1
2
. In this case
the full set of weights of the solvable algebra does not represent a positive root system
of a Lie algebra of simple type.
When the canonical quaternionic subalgebra is Solv(SU(2, 1)), the corresponding mani-
fold can be described according to the scheme of (2.8),(2.11). The corresponding homo-
geneous space of rank 1 has SolvSK = 0 and is denoted by SG4, since it can be obtained
as the reduction of pure 4-dimensional supergravity. It is given by the symmetric space
SU(1,2)
SU(2)×U(1) . The solvable algebra consists of one Cartan generator h0, while there are two
distinct weights associated to two spaces g0 and q:
h0 : (0) g0 : (1) q : (
1
2
) (2.13)
The space g0 is one-dimensional whereas the space q is two-dimensional.
Rank 2. In this case there are two distinct possibilities. The first is given by SolvSK = F ,
where F is a key algebra of type III. This corresponds to the quaternionic manifold
G2(+2)
SU(2)×SU(2) , whose isometry algebra is maximally split. This case represents the degrees of
freedom of 5-dimensional pure supergravity SG5. Solv(G2(2)) has two Cartan generators
(h0, h1) and the weights are summarized in the following scheme
h0 : (0, 0) g0 : (1, 0) q0 : (1,− 12√3) p0 : (1, 12√3)
h1 : (0, 0) g1 : (0,
1√
3
) q1 : (1,−
√
3
2
) p1 : (1,
√
3
2
)
(2.14)
The second possibility is represented by the series SU(2,P+2)
S(U(2)×U(P+2)) . They are characterized
by the following Ka¨hler subalgebra
SolvSK = F + Y, (2.15)
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where F is a key algebra of type I. The corresponding algebras will be denoted by
SolvQ(−2, P ) and they are more explicitly characterized by the following weights:
h0 : (0, 0) g0 : (1, 0) q : (
1
2
,−1
2
) p : (1
2
, 1
2
)
h1 : (0, 0) g1 : (0, 1) Y : (0,
1
2
) Y˜ : (1
2
, 0)
(2.16)
These weights are associated to six different subsets of generators, two of which, namely g0
and g1 are one-dimensional. The spaces q and p are two-dimensional while the dimension
of the spaces Y and Y˜ depends on the value of the parameter P
dimY = dim Y˜ = 2P. (2.17)
For the case of SolvQ(−2, 0) the spaces Y and Y˜ are absent and the set of weights gives
a positive root system of SO(3, 2) in this case, whereas the full set of weights (2.16) does
not have a simple Lie algebra description for P 6= 0.
Rank 3. The Ka¨hler subalgebra of the quaternionic algebras of rank 3 is a sum of two el-
ementary Ka¨hler algebras of types I and II, respectively, where the second one has no
X-part. We rename X1 = Y for the systematics that will be explained below.
SolvSK = (F1 + Y ) + F2, (2.18)
The space Y forms a symplectic representation of the type II key algebra F2, and under
this action it splits into two subspaces Y = Y ++Y −, with Y − = J1 Y +. The quaternionic
solvable algebras of this rank are denoted by SolvQ(−1, P ). They consist of 3 Cartan
generators h0, h1 and h+, while the weights of the other generators are summarized in
the following table:
h0 : (0, 0, 0) g0 : (1, 0, 0) q0 : (
1
2
,−1
2
,− 1√
2
) p0 : (
1
2
, 1
2
, 1√
2
)
h1 : (0, 0, 0) g1 : (0, 1, 0) q1 : (
1
2
,−1
2
, 1√
2
) p1 : (
1
2
, 1
2
,− 1√
2
)
h+ : (0, 0, 0) g+ : (0, 0,
1√
2
) q+ : (
1
2
, 1
2
, 0) p+ : (
1
2
,−1
2
, 0)
Y + : (0, 1
2
, 1
2
√
2
) Y − : (0, 1
2
,− 1
2
√
2
) Y˜ + : (1
2
, 0, 1
2
√
2
) Y˜ − : (1
2
, 0,− 1
2
√
2
)
(2.19)
The number of generators constituting the spaces of type Y are related to the parameter
P in the following way
dimY + = dimY − = dim Y˜ + = dim Y˜ − = P , (2.20)
while the other generators are non-degenerate. We can distinguish two cases:
• SolvQ(−1, 0). In this case there are no spaces of type Y and the solvable algebra is
the Borel algebra of the simple Lie algebra SO(3, 4). The corresponding quaternionic
space LQ(−1, 0) is the symmetric space SO(3,4)SO(3)×SO(4) .
• SolvQ(−1, P ) with P 6= 0. These algebras are not related to any simple Lie algebra.
The corresponding quaternionic spaces are not symmetric.
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Rank 4. For the rank 4 quaternionic algebras the subalgebra U has the following structure
U = F0 + SolvSK = F0 + (F1 +X1) + (F2 +X2) + F3,
[FI , FJ ] = 0, I, J = 0, 1, 2, 3,
FI = {hI , gI} ; [hI , gI ] = gI , [hi, Xi] = 1
2
Xi, i, j = 1, 2, 3. (2.21)
It is convenient to set X2 = X and X1 = Y + Z, where [F2, Y ] = 0 and [F2, Z] = Z.
Decomposing the spaces X, Y into the eigenspaces with respect to the adjoint action of
h3 and the space Z in eigenspaces with respect to h2, the corresponding eigenspaces are
denoted as X+ and X− = J1X+, etc.
The gradings of the generators with respect to the Cartan subalgebra (h0, h1, h2, h3) are
summarized in the following table [28, 18]
h0 : (0, 0, 0, 0) g0 : (1, 0, 0, 0) q0 : (
1
2
,−1
2
,−1
2
,−1
2
) p0 : (
1
2
, 1
2
, 1
2
, 1
2
)
h1 : (0, 0, 0, 0) g1 : (0, 1, 0, 0) q1 : (
1
2
,−1
2
, 1
2
, 1
2
) p1 : (
1
2
, 1
2
,−1
2
,−1
2
)
h2 : (0, 0, 0, 0) g2 : (0, 0, 1, 0) q2 : (
1
2
, 1
2
,−1
2
, 1
2
) p2 : (
1
2
,−1
2
, 1
2
,−1
2
)
h3 : (0, 0, 0, 0) g3 : (0, 0, 0, 1) q3 : (
1
2
, 1
2
, 1
2
,−1
2
) p3 : (
1
2
,−1
2
,−1
2
, 1
2
)
X+ : (0, 0, 1
2
, 1
2
) X− : (0, 0, 1
2
,−1
2
) X˜+ : (1
2
, 1
2
, 0, 0) X˜− : (1
2
,−1
2
, 0, 0)
Y + : (0, 1
2
, 0, 1
2
) Y − : (0, 1
2
, 0,−1
2
) Y˜ + : (1
2
, 0, 1
2
, 0) Y˜ − : (1
2
, 0,−1
2
, 0)
Z+ : (0, 1
2
, 1
2
, 0) Z− : (0, 1
2
,−1
2
, 0) Z˜+ : (1
2
, 0, 0, 1
2
) Z˜− : (1
2
, 0, 0,−1
2
)
(2.22)
The corresponding solvable algebras will be denoted by SolvQ(q, P, P˙ ). The numbers
q, P and P˙ are related to the dimensions of the subspaces of type X, Y and Z. The
parameter q gives the dimension of the spaces10 of type X
q = dimX. (2.23)
The spaces Y +
⋃
Z+ form a representation of the Clifford algebra in q + 1 dimensions
with positive signature. A similar result holds for the other spaces of types Y , Z. This
representation can in general be reducible. When q 6= 0 mod 4 however, there exists only
one irreducible representation of this Clifford algebra. The representation formed by the
spaces Y
⋃
Z is thus uniquely specified once the number of irreducible representations
that constitute it is given. This number is denoted by P . When q = 0 mod 4, there exist
2 inequivalent representations of the Clifford algebra and one needs 2 numbers, P and
P˙ to indicate the representation content of the representation formed by Y
⋃
Z. The
numbers P and P˙ are thus related to the dimension of the union of spaces of type Y and
Z:
q 6= 0 : (P + P˙ ) = dimY + dimZDq+1 , dimY = dimZ,
q = 0 : P = dimY, P˙ = dimZ, (2.24)
10Here and below, dimX = dimX+ = dimX− = dim X˜+ = dim X˜−, and similar for Y and Z.
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where Dq+1 is the dimension of the irreducible representations of the Clifford algebra in
q + 1 dimensions with positive signature, which can be found in table 13 of appendix
B. In general, the quaternionic dimension n is related to the parameters (q, P, P˙ ) in the
following way
dim SolvQ(q, P, P˙ ) = 4(n+ 1), n = 3 + q + (P + P˙ )Dq+1. (2.25)
All quaternionic solvable algebras of rank 4 necessarily have the subset of generators
(hI , gI , qI , pI), where I = 0, 1, 2, 3, and can have some or all of the three spaces of types
X, Y, Z. So, we can distinguish the following particular cases:
• SolvQ(0, 0, 0) ≡ Solv(SO(4, 4)), where the spaces X, Y, Z are all absent. Weights
of the generators (hI , gI , qI , pI) (2.22) correspond to the positive root system of
SO(4, 4). The corresponding space is SO(4,4)
SO(4)×SO(4) .
• SolvQ(P, 0, 0) = SolvQ(0, P, 0) = SolvQ(0, 0, P ) ≡ Solv(SO(4, 4 + P )), where only
one of the groups of spaces X, Y or Z is present. The set of weights of the gener-
ators involved in this case (for example (hI , gI , qI , pI , Y
±, Y˜ ±)) corresponds to the
positive root system of the simple Lie algebra SO(4, 5). The corresponding spaces
are SO(4,4+P )
SO(4)×SO(4+P ) .
• SolvQ(0, P, P˙ ) = SolvQ(0, P˙ , P ), P P˙ 6= 0. The interchange of the subspaces Y and
Z does not change the algebra. We note also that the set of weights in this case
does not correspond to any root system of the simple type. These algebras lead to
quaternionic spaces that are nonsymmetric.
• SolvQ(q, P, P˙ ), P + P˙ > 0. In these cases all three spaces X, Y, Z are present and
the complete set of weights given in (2.22) closes the positive root system of the
Lie algebra F4, whereas the full solvable algebra generically does not give rise to a
symmetric space.
After we have displayed the root system of the quaternionic spaces of rank 4 in (2.22), we
can see that the other normal quaternionic spaces are truncations of this one (apart from an
exception for the case indicated as SG5). This is symbolically indicated in the second column
of the tables 11 and 12 that are at the end of this paper, and we will now clarify this for the
various cases discussed above.
In general, the non-generic cases can be obtained by deleting some rows of (2.22), and
restricting the roots consequently. The full list of rows is (0123XY Z) and that is mentioned in
the second column of the last line in table (12). For q = 0, (2.23) already implies that the row
X is absent. If P˙ = 0, we also do not have the Z row, according to (2.24), and for P = P˙ = 0
neither the Y row. This exhaust the rank 4 cases.
The table for rank 3, i.e. (2.19), can be obtained by deleting also one of the rows that
contain generators in the Cartan subalgebra. Keeping only h+ =
1√
2
(h2 + h3), rather than h2
and h3, we have obtained root vectors for the rank 3 spaces from the general ones in (2.22).
The rows Y and Z become identical when restricted to the weights under (h0, h1, h+) such that
we only have to keep one of them. For P = 0 this row is also absent.
For q = −2, the rows 2 and 3 are absent. As such, the root vectors have only two compo-
nents, which implies that some roots in (2.22) become identical, namely those of q0 and q1, of
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p0 and p1, of Y
+ and Y − and of Y˜ + and Y˜ −. This leads to the reduced table in (2.16). The
Y generators are absent for P = 0.
The other rank 2 system is SG5, whose root vectors are modified with respect to the systems
denoted generically as SolvQ(q, P, P˙ ), as shown in (2.14). Only rows 0 and 1 occur, but due to
the modified weights, there is no degeneracy as it was the case for SolvQ(−2, 0).
Finally SG4 consists of only the 0 row, and as such only the first component of the root
vectors is relevant. Then q0 and p0 are identical, and this leads to (2.13).
The equations (2.23) and (2.24), which were mentioned in the part for rank 4, also have a
general validity, except of course for q < 0. However, in that case the negative value indicates
the number of rows between (0123) that have to be deleted such that (2.25) is also generally
valid.
2.2 The inverse r- and c-map
From the above construction the one-to-one correspondence between the quaternionic algebra
SolvQ and its special Ka¨hler subalgebra SolvSK follows. This correspondence is the inverse of
the c-map discussed in the introduction, see (1.3), which maps exp[SolvSK ] → exp[SolvQ]. A
similar discussion can be developed for the r-map. These relations are better understood with
the help of table 1, representing first the generators of the quaternionic algebra SolvQ as in
(2.22) but rotated over 90◦. The different rows are then related by the action of the complex
structures.11 Furthermore it indicates how the algebras SolvSK and SolvR are embedded in
SolvQ. The inverse c–map and r–map can then be defined by deleting generators as indicated,
even if the root system is not that of a quaternionic space as we will encounter for the Tits-
Satake projected algebras. Observe that the rank 1 quaternionic spaces cannot be included in
this scheme.
The three solvable Lie algebras SolvQ,SK,R
(
q, P, P˙
)
constitute a family sharing the same
values of the parameters (q, P, P˙ ). According to [31] families of the corresponding homogeneous
spaces are also denoted as L(q, P, P˙ ). The list of special homogeneous spaces is given in table 2,
where for symmetric spaces we specify the explicit coset structure and we mention the various
names assigned to some of the spaces in the literature [28, 34, 31].12
This concludes the review of the structure of quaternionic, special Ka¨hler and real special
solvable algebras that generate families of homogeneous special manifolds. The corresponding
solvable groups provide translational symmetries, that are only a part of the full symmetry
groups, that we consider in the next subsection.
2.3 Isometry groups of homogeneous special geometries
In this section we will consider the isometry algebras of homogeneous special manifolds. This
discussion will enable us to identify the part of the isometry group that acts as a group of
11The action of J1 is really column by column in these tables, but applying J2 and hence also J3 on generators
of the lowest row leads to a linear combination of the generators in the row indicated by J2A, resp. J3A.
12The homogeneous spaces LR,SK,Q(0, P, P˙ ) have been called before Y (P, P˙ ), K(P, P˙ ) and W (P, P˙ ), while
LR,SK,Q (q, P ) were called X(P, q), H(P, q) and V (P, q). As these names are not very illuminating, we use here
the new names that we propose and that show the systematics.
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Table 1: Generators of the solvable algebras of special manifolds. The generators in different
rows are related by complex structures as indicated in the last column. The three tables indicate
the generators of the quaternionic algebra SolvQ, the c–dual Ka¨hlerian algebra SolvSK and the
real special algebra SolvR. The last line indicates the multiplicity of any entry in the column,
where the last two columns are merged to get to a common expression. If q is zero or negative,
the X column is absent, and the negative number indicates the number of columns to the left
of it that are absent too, such that the general formula (2.25) always holds.
p0 p1 p2 p3 X˜
− Y˜ − Z˜− −J3A = J2J1A
q0 q1 q2 q3 X˜
+ Y˜ + Z˜+ J2A
SolvQ = g0 g1 g2 g3 X
− Y − Z− J1A
h0 h1 h2 h3 X
+ Y + Z+ A
SolvSK = g1 g2 g3 X
− Y − Z− J1A
h1 h2 h3 X
+ Y + Z+ A
SolvR = X− Y − Z− A
h2 h3 A
# 1 1 1 1 q (P + P˙ )Dq+1
external automorphisms on the solvable algebra, and hence will allow us to extract general
considerations on the concept of paint group in the context of homogeneous special geometries.
Indeed, it turns out that the paint group has a structure that is general to all homogeneous
special geometries. This discussion will also enable us to identify the different representations
in which the generators of the solvable algebra are grouped under the paint group.
We will concentrate on the chains of special manifolds that have a five-dimensional origin
(the very special spaces). This does not exhaust the list of homogeneous quaternionic manifolds
as clearly seen in table 2. The other cases, however, are symmetric and can for our purpose be
analysed in the standard way. We will first concentrate on the special real manifold occurring
in 5 dimensions, next we will discuss the isometry algebras that appear upon application of
the r- and c-map respectively. Most of this discussion can be found in [31].
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Table 2: Homogeneous very special real, special Ka¨hler and quaternionic spaces. The hori-
zontal lines separate spaces of different rank. The first non-empty space in each column has
rank 1. Going to the right or down a line increases the rank by 1. SG denotes an empty
space, which corresponds to supergravity models without scalars. The last 4 lines are already
included in L(q, P ), but are mentioned separately as they have extra symmetry, promoting them
to symmetric spaces.
C(h) range real Ka¨hler quaternionic
L(−3, P ) P ≥ 0 USp(2P+2,2)
USp(2P+2)×SU(2)
SG4 SG
SU(1,2)
SU(2)×U(1)
L(−2, P ) P ≥ 0 U(P+1,1)
U(P+1)×U(1)
U(P+2,2)
U(P+2)×U(2)
SG5 SG
SU(1,1)
U(1)
G2(2)
SU(2)×SU(2)
L(−1, 0) SO(1, 1)
[
SO(2,1)
SO(2)
]2
SO(3,4)
SO(3)×SO(4)
L(−1, P ) P ≥ 1 SO(P+1,1)
SO(P+1)
SolvSK(−1, P ) SolvQ(−1, P )
L(0, P ) P ≥ 0 SO(P+1,1)
SO(P+1)
× SO(1, 1) SU(1,1)
U(1)
× SO(P+2,2)
SO(P+2)×SO(2)
SO(P+4,4)
SO(P+4)×SO(4)
L(0, P, P˙ ) P ≥ P˙ ≥ 1 LR(0, P, P˙ ) LSK(0, P, P˙ ) LQ(0, P, P˙ )
L(q, P )
{
q ≥ 1
P ≥ 1 LR(q, P ) LSK(q, P ) LQ(q, P )
L(4m,P, P˙ )
{
m ≥ 1
P ≥ P˙ ≥ 1 LR(4m,P, P˙ ) LSK(4m,P, P˙ ) LQ(4m,P, P˙ )
L(1, 1) S `(3,R)
SO(3)
Sp(6)
U(3)
F4(4)
USp(6)×SU(2)
L(2, 1) S `(3,C)
SU(3)
SU(3,3)
SU(3)×SU(3)×U(1)
E6(2)
SU(6)×SU(2)
L(4, 1) SU
∗(6)
Sp(6)
SO∗(12)
SU(6)×U(1)
E7(−5)
SO(12)×SU(2)
L(8, 1)
E6(−26)
F4(−52)
E7(−25)
E6(−78)×U(1)
E8(−24)
E7(−133)×SU(2)
2.3.1 Isometry algebras for homogeneous very special real spaces
In five dimensions, very special real manifolds can be defined by an equation of the form
C(y) = 1, where C(y) is a cubic polynomial of the scalar fields y = (y1, y2, yα, yΛ) where α
and Λ run over q + 1 and (P + P˙ )Dq+1 values, respectively:
C(y) = 3
{
y1(y2)2 − y1yαyα − y2yΛyΛ + γαΛΣyαyΛyΣ
}
, (2.26)
18
where γαΛΣ are the matrix elements of gamma-matrices, forming a real representation of the
Euclidean Clifford algebra in q + 1 dimensions. As already mentioned in the previous section,
this representation is not necessarily irreducible. The number of irreducible representations
contained in this representation is denoted by numbers P and P˙ , depending on whether there
is only one or there are two inequivalent irreducible representations of this Clifford algebra.
Denoting by Dq+1 the dimension of an irreducible representation of this Clifford algebra, the
gamma-matrices will thus in general be (P + P˙ )Dq+1-dimensional real matrices. The isometry
group of the corresponding spaces is given by the linear transformations of the scalars y that
leave (2.26) invariant.
The structure of the isometry algebra X can be summarized by decomposing it with respect
to the adjoint action of one of the Cartan generators λ. One finds that X has the following
structure:
X = X−3/2 ⊕X0 ⊕X3/2 , (2.27)
where the subscript denotes the grading with respect to λ. The space X−3/2 consists of gen-
erators ζ
Λ
, that are, however, only present for symmetric spaces. The space X3/2 consists of
generators ξΛ, which are always present. The space X0 has the following structure:
X0 = so(1, 1)⊕ so(q + 1, 1)⊕ Sq(P, P˙ ) , (2.28)
where the so(1, 1) factor is generated by λ. The generators of the additional invariances of
(2.26), which are denoted by Sq(P, P˙ ) are given by the antisymmetric matrices S that commute
with the matrices γα. Further properties on real Clifford algebras and the groups Sq(P, P˙ ) are
given in appendix B, see especially table 13. For later purposes we mention that the generators
of X3/2 transform as a spinor representation under the adjoint action of so(q+1, 1), while under
the adjoint action of Sq(P, P˙ ) they transform in a vector representation.
The solvable subalgebra of the isometry group G is given by
SolvR = so(1, 1)⊕ Solv(so(q + 1, 1)) + X3/2
= {λ , Solv(so(q + 1, 1)), ξΛ} . (2.29)
The solvable algebra of so(q+1, 1) consists of one Cartan generator and q nilpotent generators.
In this way we can make contact with the Alekseevsky notations. Indeed, we have 2 Cartan
generators (namely the generator of so(1, 1) and the Cartan generator of Solv(so(q + 1, 1))).
They agree with h2, h3 (or suitable linear combinations thereof) in the last part of table 1. The
q nilpotent generators of Solv(so(q+1, 1)) constitute the space X−, while Y − and Z− together
form X3/2.
2.3.2 Isometry algebras for homogeneous very special Ka¨hler spaces
Upon dimensional reduction, the homogeneous real spaces discussed in the previous section,
are enlarged to homogeneous special Ka¨hler spaces. The rank of the space is now increased
with one unit. Decomposing the isometry algebra W into the eigenspaces with respect to the
adjoint action of one of the Cartan generators λ′, the following structure occurs:
W =W ′0 ⊕W ′1 ⊕W ′2 ,
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W ′0 = λ′ ⊕ so(q + 2, 2)⊕ Sq(P, P˙ ) ,
W ′1 = ξΛ + bΛ = (1, spinor, vector),
W ′2 = b1 = (2, 0, 0), (2.30)
where for W ′1 and W ′2 we mention in which representations (under the adjoint action of the
three subalgebras of W ′0) the generators transform. Note that in general no generators with
negative gradings occur. This is different for the symmetric spaces, where there are generators
(ζ
Λ
, aΛ) at grading −1, and where there is a generators a1 at grading −2. In these cases the
algebra is semisimple.
The solvable subalgebra of the isometry group G is given by the following set of generators:
SolvSK = {λ′, Solv(so(q + 2, 2)), ξΛ, bΛ, b1} . (2.31)
Again it is possible to make contact with the second part of table 1. The solvable algebra
of so(q + 2, 2) consists of 2q + 4 generators. Two of these belong to the Cartan subalgebra
of SolvSK , 2q of them constitute the 2 spaces X
+ and X−, while the remaining 2 generators,
together with b1 constitute the g-generators. Furthermore, the generators ξ
Λ and bΛ deliver
the Y ±-, Z±-generators.
2.3.3 Isometry algebras for homogeneous very special quaternionic spaces
After dimensional reduction from 4 to 3 dimensions, the very special Ka¨hler spaces of the pre-
vious section are enlarged to very special quaternionic manifolds. The corresponding isometry
algebras are likewise extended and now have the following form (the index M runs over q + 2
values):
V = V ′0 + V ′1 + V ′2 ,
V ′0 = so(1, 1)⊕ so(q + 3, 3)⊕ Sq(P, P˙ ),
V ′1 = (ξΛ, bΛ)⊕ (αΛ, βΛ) = (1, spinor, vector),
V ′2 = + ⊕ (α1, βM , β0)⊕ b1 = (2, vector, 0), (2.32)
where we indicated the representation of V ′1 and V ′2 according to the three subalgebras of V ′0.
As in the previous cases, we decomposed the isometry algebra in terms of the gradings with
respect to the Cartan generator ′. Again, for the symmetric spaces, the isometry algebra will
be extended with additional generators, with gradings −1 and −2 with respect to ′, such that
the algebra is semisimple. The solvable algebra in the quaternionic case is
SolvQ = {′, Solv(so(q + 3, 3)), ξΛ, bΛ, b1, αΛ, βΛ, +, α1, βM , β0} . (2.33)
2.4 Six dimensional origin of special geometries
G/H sigma-models in 3 dimensions can be interpreted as toroidal dimensional reduction of a
higher-dimensional theory [4]. This reinterpretation, known as oxidation, relies on a suitable
embedding of S `(D − 2,R) ⊂ G, that represents the restoration of the higher dimensional
gravity sector [5]. Then the remaining generators of G are organized in S `(D − 2,R) irreps
and give rise to form fields in higher dimensions.
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The maximal dimension D to which the original 3-dimensional coset sigma-model can be
oxidized is called ”oxidation endpoint”, and is limited by the split rank r3 of the quaternionic
isometry algebra G. This can already be seen from table 2 for the spaces with r3 ≤ 2. The
general rule is
D = r3 + 2, or D = r3 + 3, (2.34)
where the latter only occurs for theories that have an empty scalar manifold in D dimensions.
This is the case with D = 4 for SG4, for D = 5 for SG5 and we will see below that it is also
true for D = 6 coupled only to vector multiplets.
Since the toroidal reduction/oxidation preserves the number of supersymmetries, the re-
sulting theories in D = 6 are still theories with NQ = 8. These are also N = 2 theories, which
have chiral generators and are therefore often denoted as (1, 0) supergravities. As was shown
in [6, 7], all rank 3 and rank 4 homogeneous quaternionic spaces (not only the symmetric ones)
have the same oxidation endpoint, namely D = 6 and they all can be described from reduction
on a T 3 torus. The only ingredients that distinguish one quaternionic space from another are
the numbers of tensor and vector multiplets coupled to the gravity multiplet in six dimensions.
This unified higher-dimensional description of very special real, Ka¨hler and quaternionic-
Ka¨hler spaces allows us to understand the origin of their isometry groups. In particular,
it allows us to single out the part of their symmetries not related to the very procedure of
dimensional reduction, i.e. the isometries already present in D = 6 that simply permute
matter multiplets of the same type.
These D = 6 supergravities have an obligatory gravitational multiplet, consisting of metric,
anti-selfdual 2-form and two gravitinos (gMN , ψi|M , B−MN), where M = 0, . . . , 5, i = 1, 2. Then
also a number of matter multiplets can be coupled, namely tensor multiplets containing each
a self–dual 2-form, 2 spinor fields and a scalar (B+MN , χ
i, φ), vector multiplets containing a
six-dimensional vector and two gauginos (AM , λ
i), and hypermultiplets containing only scalar
fields and spinor fields. The full theory is given in [35]. Hypermultiplets are not relevant in our
construction, since hyperscalars form a normal quaternionic space already in six dimensions
that does not become enlarged when stepping down to D = 5, 4, 3, so they cannot give rise to
chains of manifolds connected with r- and c-maps.
The total bosonic field content of the remaining gravity-matter system of D = 6, (1, 0)
supergravity is:
(gMN , B
I
MN , A
Λ
M , φ
α), I = 1, . . . , nT + 1, Λ = 1, . . . , nV , α = 1, . . . , nT , (2.35)
where we allow to have nV vector multiplets and nT tensor multiplets.
Scalars of the theory come only from tensor multiplets and parametrize the coset manifold
[36, 37]:
MD=6 = SO(nT , 1)
SO(nT )
. (2.36)
The isometry group of the six-dimensional scalar manifold, SO(nT , 1), acts not only on
scalars, but on the two-forms BI in a way that preserves their coupling to six-dimensional
gravity. In order to promote this scalar isometry to be a symmetry of the whole theory, we
should consider also the topological term [38, 39, 40] that describes the coupling of tensor
multiplets to vector multiplets
LCS = CIΛΣBIFΛFΣ, (2.37)
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where FΛ are the field strength of the vectors. This generic form was already conjectured in
[36, 6] and was found in [41]. This term breaks explicitly the SO(nT , 1) symmetry, unless the
vectors transform under a suitable nV –dimensional representation RV with the property that
the symmetric product of two of these representations contains the vectorial representation of
SO(nT , 1), that is the one under whose action the tensors transform. In the particular case in
which RV is a spinorial representation of SO(nT , 1), the corresponding supergravity theories in
D = 6 give rise, after dimensional reduction, to the chains of manifolds with special geometry
L(q, P, P˙ ).
The parameters (q, P, P˙ ) are related to the number of tensor and vector multiplets of D = 6
supergravity as follows:
nT = q + 1, nV = (P + P˙ )Dq+1, (2.38)
where Dq+1 = DnT is also the dimension of an irreducible real representation13 of Spin(q+1, 1).
This allows their use for an SO(q + 1, 1) invariant coupling in (2.37).
Following this interpretation, homogeneous L(−1, 0) and L(−1, P ) in D = 6 correspond,
respectively, to pure supergravity and to supergravity coupled to P vector multiplets only.
These are the exceptions that follow the second case of (2.34).
This allows to understand the origin of the Sq(P, P˙ ) part of the isometry groups of the
scalar manifolds in lower dimensions. The representation nV of six-dimensional vector fields
can be big enough to admit more symmetries than SO(q + 1, 1), that are in the centralizer of
the reducible (if P + P˙ > 1) real spinor representation of SO(q + 1, 1). The new symmetries
constitute the Sq(P, P˙ ) group, which becomes part of the isometry groups after dimensional
reduction, and we see that it is ”decoupled” from scalars in D = 6. This tells us also that
the scalars φα and more generally, all fields coming from tensor multiplets and that do not
transform under Sq(P, P˙ ) group, are related to the X space and singlets (hI , gI , pI , qI) in
Alekseevsky’s classification, whereas vector fields AΛM under dimensional reduction give rise to
the spaces Y and Z.
To make this identification more precise, we should anticipate the role of the paint group
that is an important compact part of the isometry groups given by Gpaint = SO(q)×Sq(P, P˙ ),
as we will show later, see (4.5). All fields of the D = 6 supergravities considered here fall into
representations of the paint group. For example, the (q+ 1) scalars φα do not transform under
the Sq(P, P˙ ) subgroup. Under the action of the SO(q) ⊂ SO(1, q + 1) part of the paint group
they split in two subsets: a singlet α and a vector that we call X− in order to make contact
with Alekseevsky’s classification. We can give a solvable description to the scalar manifold they
parametrize, identifying the scalar field α with a noncompact Cartan generator α of SO(q+1, 1)
and fields from X− with a space of remaining generators, all having the same grading with
respect to α. The Alekseevsky diagram that represents this solvable algebra Solv(SO(q+1, 1)),
following the scheme of table 1 is
SolvSO(nT ,1) = X−
α
(2.39)
13This uses the equivalence of the even elements of the Clifford algebra C+(q + 1, 1) with C(q + 1, 0). Only
the even elements are needed for the spinor representation.
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The (q + 2) two-form fields BIMN do not transform under the Sq(P, P˙ ) subgroup. The index
I is in the fundamental representation of SO(q + 1, 1), which under the SO(q) subgroup splits
into 1 + 1 + q. B1 and B2 constitute two singlets under the paint group while Bi transform in
the vector (q–dimensional) representation of SO(q).
The full paint group SO(q) × Sq(P, P˙ ) acts linearly on the vectors AΛM in D = 6. In
particular, as we mentioned before, the vector fields constitute a nV –dimensional, real spinor
representation of SO(q+1) that is split into two irreducible representations under the subgroup
SO(q). Under the Sq(P, P˙ ) subgroup vectors transform as a real representation of dimension
(P + P˙ )Dq+1/2.
After dimensional reduction of D = 6 supergravity on a circle the scalars AΛ5 coming from
vector fields and the one coming from the metric, g55, enlarge the scalar manifold of D = 6 to a
real special version of L(q, P, P˙ ). The metric scalar is represented, in the Alekseevsky formal-
ism, by a singlet λ, while those coming from the vectors of the two different spin representations
span the subspaces Y − and Z−.
Table 3: The bosonic fields of D = 6 supergravity theories, their representation under the paint
group and their contribution to scalars of D = 5 and D = 4 supergravities.
SO(q) Sq(P, P˙ ) D = 5 scalars additional scalars in D = 4
gMN − − g55 → 1 g44, g45 → 2
B1,2MN − − − B1,245 → 2
BiMN q − − Bi45 → q
AΛM Dq+1 (P + P˙ ) AΛ5 → (P + P˙ )Dq+1 AΛ4 → (P + P˙ )Dq+1
φα q + 1 − q + 1 0
Reducing the theory further to D = 4 and dualizing all the tensors to vectors (Einstein–
Maxwell supergravity [42]), we obtain a special Ka¨hler geometry defined by new copies of X,
Y and Z spaces and four new singlets. From the transformation properties of the D = 6 fields
under the paint group it is clear that the new copy of the X space is spanned by the scalars
coming from the BiMN tensors and that the new copies of Y and Z spaces are necessarily
identified with the fifth components of the vectors. From the new singlets, instead, two are
coming from the metric (g44 and g45) and two from the B
1,2
MN tensors.
We summarize the above statements in table 3.
3 The Tits-Satake projection
In this section we explain the Tits-Satake projection of a metric solvable Lie algebra and how
it is related to the notions of paint group Gpaint and subpaint group Gsubpaint ⊂ Gpaint. We
will extract these notions from the case of the Tits-Satake projections of solvable Lie algebras
associated with symmetric spaces Solv(G/H) and generalize them to the case of metric solvable
Lie algebras associated with nonsymmetric spaces such as homogeneous special geometries.
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3.1 TS projection for non maximally split symmetric spaces
Following the discussion of [20] let us recall that if the scalar manifold of supergravity is a
non maximally noncompact manifold G/H the Lie algebra of the numerator group is some
appropriate real form GR of a complex Lie algebra G. The Lie algebra H of the denominator
H is the maximal compact subalgebra H ⊂ GR. Denoting, as usual, by K the orthogonal
complement of H in GR:
GR = H ⊕ K (3.1)
and defining as noncompact rank or rank of the coset G/H the dimension of the noncompact
Cartan subalgebra:14
rnc = rank (G/H) ≡ dimHnc ; Hnc ≡ CSAG
⋂
K (3.2)
we obtain that rnc ≤ rank(G), where the equality is the statement that the manifold is maxi-
mally noncompact (or ‘maximally split ’).
When the equality is strict, the manifold GR/H is still metrically equivalent to a solvable
group manifold but the form of the solvable Lie algebra Solv(GR/H), whose structure constants
define the Nomizu connection, is now more complicated than in the maximally noncompact
case. The Tits-Satake theory of noncompact cosets and split subalgebras is a classical topic in
Differential Geometry and appears in textbooks. Yet, within such a mathematical framework
there is a peculiar universal structure of the solvable algebra Solv(GR/H) that, up to our
knowledge, had not been observed before [20] namely that of paint and subpaint groups and
which extends beyond symmetric spaces as we demonstrate in the present paper.
Explicitly we have the following scheme. One can split the Cartan subalgebra into its
compact and noncompact subalgebras:
CSAGR = iHcomp ⊕ Hnc
m m
CSAG = Hcomp ⊕ Hnc
, (3.3)
and these parts are orthogonal using the Cartan-Killing metric. Therefore, every vector in
the dual of the full Cartan subalgebra, in particular every root α, can be decomposed into its
transverse and parallel part to Hnc:
α = α⊥ ⊕ α||. (3.4)
The Tits-Satake projection consists of two steps. First one sets all α⊥ = 0, projecting the
original root system ∆G onto a new system of vectors ∆ living in a Euclidean space of dimension
equal to the noncompact rank rnc. The set ∆ is called a restricted root system. It is not an
ordinary root system in the sense that roots can occur with multiplicities different from one
and 2α|| can be a root if α|| is one. In the second step, one deletes the multiplicities of the
restricted roots. Thus we have
ΠTS : ∆G 7→ ∆TS, ; ∆G α⊥=07−→ ∆ deleting7−→multiplicities ∆TS. (3.5)
14The chosen CSA is a maximally noncompact one. We thank A. Keurentjes and Ph. Spindel for this remark.
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If ∆ contains no restricted root that is the double of another one, then ∆TS is a root system
of simple type. We will show later that this root subsystem defines a Lie algebra GTS, the
Tits-Satake subalgebra of GR:
∆TS = root system of GTS, GTS ⊂ GR. (3.6)
The Tits-Satake subalgebra GTS is, as a consequence of its own definition, the maximally
noncompact real section of its own complexification. For this reason, considering its maximal
compact subalgebra HTS ⊂ GTS we have a new smaller coset GTS/HTS which is maximally
split and whose associated solvable algebra Solv(GTS/HTS) has the standard structure utilized
in [29] to prove complete integrability of supergravity compactified to 3 dimensions. By itself
this result demonstrates the relevance of the Tits-Satake projection of a supergravity theory,
which, as we already emphasized, certainly extends much beyond cosmic billiards.
In the case when the doubled restricted roots are present in ∆, the projection cannot be
expressed in terms of a simple Lie algebra, but the concept remains the same. The root system
is the so-called bcr system, with r = rnc the noncompact rank of the real form G. It is the
root system of a group GTS, which is now non-semisimple. The manifold is similarly defined
as GTS/HTS, where HTS is the maximal compact subgroup of GTS.
The next question is: what is the relation between the two solvable Lie algebras Solv(GR/H)
and Solv(GTS/HTS)? The answer can be formulated through the following statements A-E.
A] In a projection more than one higher dimensional vector can map to the same lower
dimensional one. This means that in general there will be several roots of ∆G that have the
same image in ∆TS. The compact roots vanish under this projection. Therefore, apart from
these compact roots, there are two types of roots: those that have a distinct image in the
projected root system and those that arrange in multiplets with the same projection. We can
split the root spaces in subsets according to whether there is such a degeneracy or not. Calling
∆+G and ∆
+
TS the sets of positive roots of the two root systems, we have the following scheme:
∆+G = ∆
η
⋃
∆δ
⋃
∆comp
↓ ΠTS ↓ ΠTS ↓ ΠTS
∆+TS = ∆
`
TS
⋃
∆sTS
∀α` ∈ ∆`TS : dim Π−1TS
[
α`
]
= 1, ∀αs ∈ ∆sTS : dim Π−1TS [αs] = m[αs] > 1. (3.7)
The δ part thus contains all the roots that have multiplicities under the Tits-Satake projection
while the roots in the η part have no multiplicities. These roots of type η are orthogonal to
∆comp. Indeed, this follows from the fact that for any two root vectors α and β where there is
no root of the form β +mα with m a non-zero integer, the inner product of β and α vanishes.
It also follows from this definition that in maximally split symmetric spaces, in which case
∆comp = ∅, all root vectors are in ∆η or ∆` (as the Tits-Satake projection is then trivialized).
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These subsets moreover satisfy the following properties under addition of root vectors:
G GTS
∆η + ∆η ⊂ ∆η ∆`TS + ∆`TS ⊂ ∆`TS
∆η + ∆δ ⊂ ∆δ ∆`TS + ∆sTS ⊂ ∆sTS
∆δ + ∆δ ⊂ ∆η⋃∆δ ∆sTS + ∆sTS ⊂ ∆`TS⋃∆sTS
∆comp + ∆
η = ∅
∆comp + ∆
δ ⊂ ∆δ
(3.8)
Because of this structure we can enumerate the generators of the solvable algebra Solv(GR/H)
in the following way:
Solv(GR/H) =
{
Hi,Φα` ,Ωαs|I
}
Hi ⇒ Cartan generators
Φα` ⇒ η − roots
Ωαs|I ⇒ δ − roots ; (I = 1, . . . ,m[αs]). (3.9)
The index I enumerating the m–roots of ∆GR that have the same projection in ∆TS is named
the paint index.
B] There exists a compact subalgebra Gpaint ⊂ GR which acts as an algebra of outer au-
tomorphisms (i.e. outer derivatives) of the solvable algebra SolvGR ≡ Solv(GR/H) ⊂ GR,
namely:
[Gpaint , SolvGR ] ⊂ SolvGR . (3.10)
C] The Cartan generators Hi and the generators Φα` are singlets under the action of Gpaint,
i.e. each of them commutes with the whole of Gpaint:
[Hi , Gpaint] = [Φα` , Gpaint] = 0 (3.11)
On the other hand, each of the multiplets of generators Ωαs|I constitutes an orbit under the
adjoint action of the paint group Gpaint, i.e. a linear representation D[α
s] which, for different
roots αs can be different:
∀X ∈ Gpaint :
[
X , Ωαs|I
]
=
(
D[α
s][X]
) J
I
Ωαs|J (3.12)
D] The paint algebra Gpaint contains a subalgebra
G0subpaint ⊂ Gpaint (3.13)
such that with respect to G0subpaint, each m[αs]–dimensional representation D[αs] branches as
follows:
D[αs]
G0subpaint
=⇒ 1︸︷︷︸
singlet
⊕ J︸︷︷︸
(m[αs]−1)−dimensional
(3.14)
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Accordingly we can split the range of the multiplicity index I as follows:
I = {0, x} , x = 1, . . . ,m[αs]− 1. (3.15)
The index 0 corresponds to the singlet, while x ranges over the representation J.
E] The tensor product J⊗J contains both the identity representation 1 and the representation
J itself. Furthermore, there exists, in the representation
∧3 J a G0subpaint-invariant tensor axyz
such that the two solvable Lie algebras SolvGR and SolvGTS can be written as follows
SolvGR SolvGTS
[Hi , Hj] = 0 [Hi , Hj] = 0
[Hi , Φα` ] = α
`
i Φα`
[
Hi , E
α`
]
= α`i[
Hi , Ωαs|I
]
= αsi Ωαs|I
[
Hi , E
αs
]
= αsi E
αs[
Φα` , Φβ`
]
= Nα`β` Φα`+β`
[
Eα
`
, Eβ
`
]
= Nα`β` E
α`+β`[
Φα` , Ωβs|I
]
= Nα`βs Ωα`+βs|I
[
Eα
`
, Eβ
s
]
= Nα`βs E
α`+βs
If αs + βs ∈ ∆`TS :[
Ωαs|I , Ωβs|J
]
= δIJ NαsβsΦαs+βs
[
Eα
s
, Eβ
s]
= NαsβsE
αs+βs
If αs + βs ∈ ∆sTS :
[
Ωαs|0 , Ωβs|0
]
= NαsβsΩαs+βs|0[
Ωαs|0 , Ωβs|x
]
= NαsβsΩαs+βs|x[
Ωαs|x , Ωβs|y
]
= Nαsβs
(
δxyΩαs+βs|0 + axyz Ωαs+βs|z
) [Eαs , Eβs] = NαsβsEαs+βs
(3.16)
where Nαβ = 0 if α + β /∈ ∆TS.
3.2 Paint and subpaint groups in an example
We now want to illustrate the general structure described in the previous subsection through
the analysis of a specific example of a non maximally split symmetric space that, under the
name of L(8, 1), pertains to the homogeneous N = 2 special geometries. This will be both
educational in order to clarify the notion of Tits-Satake projection and instrumental to extract
a general systematics for the paint and subpaint groups, which we will later recognize in the
entire classification of homogeneous special geometries.
As we already discussed, the quaternionic member of the so named L(8, 1) family of special
geometries is the following coset:
GR
H
=
E8(−24)
E7(−133) × SU(2) (3.17)
The quaternionic nature of this non maximally split symmetric space is signaled by the presence
of the SU(2) factor in the denominator group and it is confirmed by the decomposition of the
adjoint representation of the numerator group:
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E7(−133)×SU(2)
=⇒ (133,1)⊕ (1,3)⊕ (56,2) (3.18)
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Indeed the 4 × 28 = 112 coset generators being in the (56,2) of E7(−133) × SU(2) are SU(2)
doublets and transform symplectically under USp(56) transformations due to the symplectic
embedding of the 56 representation of the compact E7 group.
The quaternionic structure, however, is not relevant to our present discussion that focuses
on the mechanisms of the Tits-Satake projection. By means of this latter we obtain the
following result:
ΠTS :
E8(−24)
E7(−133) × SU(2) −→
F4(4)
USp(6)× SU(2) (3.19)
and we just note that the projected manifold is still quaternionic for similar reasons to those
of (3.18). Indeed it is the quaternionic member of the L(1, 1) family in the classification of
homogeneous special geometries. So the maximal noncompact Lie algebra F4(4) is the Tits-
Satake subalgebra of E8(−24). Let us see how this happens, following step by step the scheme
described in the previous section.
The rank of the complex E8 algebra is 8 and, and in its real section E8(−24) we can distin-
guish 4 compact and 4 noncompact Cartan generators. In a Euclidean orthonormal basis the
complete E8 root system is composed of the following 240 roots:
∆E8 ≡

±i ± j (i 6= j) 112
±1
2
1 ± 122 ± 123 ± 124 ± 125 ± 126 ± 127 ± 128︸ ︷︷ ︸
even number of minus signs
128
240
 , (3.20)
and a convenient choice of the simple roots is provided by the following ones:
α1 = {0, 1,−1, 0, 0, 0, 0, 0},
α2 = {0, 0, 1,−1, 0, 0, 0, 0},
α3 = {0, 0, 0, 1,−1, 0, 0, 0},
α4 = {0, 0, 0, 0, 1,−1, 0, 0},
α5 = {0, 0, 0, 0, 0, 1,−1, 0},
α6 = {0, 0, 0, 0, 0, 1, 1, 0},
α7 = {−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
},
α8 = {1,−1, 0, 0, 0, 0, 0, 0}. (3.21)
The corresponding Dynkin diagram is displayed in fig. 1. where the roots α3, α4, α5, α6
have been marked in black. This indicates that these simple roots are compact, and Cartan
generators as e.g. αi3Hi belong to Hcomp. In this way these diagrams define both the real form
E8(−24) and the corresponding Tits-Satake projection of the root system. The noncompact
CSA Hnc is the orthogonal complement of Hcomp. Let us also note that the black roots form
the Dynkin diagram of a D4 algebra, i.e in its compact form the Lie algebra of SO(8). This is
the origin of the paint group
Gpaint = SO(8), (3.22)
pertaining to this example. We shall identify it in a moment, but let us first perform the
Tits-Satake projection on the root system. This case is particularly simple since the span
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Figure 1: The Tits-Satake diagram of E8(−24), rank = 8, split rank = 4, GTS = F4(4).
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i
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i
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of the simple compact roots α3, α4, α5, α6 is just given by the Euclidean space along the
orthonormal axes 4, 5 6, 7. The Euclidean space along the orthonormal axes 1, 2 3, 8 span
the noncompact CSA. Note that this is not the same as the span of α1, α2, α7, α8. Denoting
the components of root vectors in the basis i by α
i, the splitting (3.4) is very simple. We just
have:
α⊥ =
{
α4 , α5 , α6 , α7
}
; α‖ =
{
α1 , α2 , α3 , α8
}
, (3.23)
and the projection (3.5) immediately yields the following restricted root system:
∆TS =

±i ± j (i 6= j ; i, j = 1, 2, 3, 8) 24
±i (i = 1, 2, 3, 8) 8
±1
2
1 ± 122 ± 123 ± 128 16
48
 , (3.24)
which can be recognized to be the root system of the simple complex algebra F4.
With reference to the notations introduced in the previous section let us now identify the
subsets ∆η and ∆δ in the positive root subsystem of ∆+E8 and their corresponding images in
the projection, namely ∆`TS and ∆
s
TS.
Altogether, performing the projection the following situation is observed:
• There are 24 roots that have null projection on the noncompact space, namely
α‖ = 0 ⇔ α = ±i ± j ; i, j = 4, 5, 6, 7. (3.25)
These roots, together with the four compact Cartan generators, form the root system of
a D4 algebra, whose dimension is exactly 28. In the chosen real form such a subalgebra
of E8(−24) is the compact algebra SO(8) and its exponential acts as the paint group, as
already mentioned in (3.22). All the remaining roots have a non–vanishing projection on
the compact space. In particular:
• There are 12 positive roots of E8 that are exactly projected on the 12 positive long roots
of F4, namely the first line of (3.24), which we therefore identify with ∆
`
TS. For these
roots we have α⊥ = 0 and they constitute the ∆η system mentioned above:
∆+E8 ⊃ ∆ηTS = {i ± j} = ∆`TS ; i < j ; i, j = 1, 2, 3, 8 (3.26)
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• There are 8 different positive roots of E8 that have the same projection on each of the
12 = 4⊕ 8 positive short roots of F4, i.e. the second and third line of (3.24). Namely all
the remaining 12× 8 = 96 roots of E8 are all projected on short roots of F4. The set of
F4 positive short roots can be split as follows:
∆sTS = ∆
s
vec
⋃
∆sspin
⋃
∆s
spin
∆svec = {i} i = 1, 2, 3, 8 4
∆sspin = ±121 ± 122 ± 123 + 128︸ ︷︷ ︸
even number of minus signs
4
∆s
spin
= ±1
2
1 ± 122 ± 123 + 128︸ ︷︷ ︸
odd number of minus signs
4
12
(3.27)
Correspondingly the subset ∆δ ⊂ ∆E8 defined by its projection property ΠTS
(
∆δ
)
= ∆sTS
is also split in three subsets as follows:
∆δ+ = ∆
δ
vec
⋃
∆δspin
∆δvec =
 i︸︷︷︸
α‖
⊕ (±j)︸ ︷︷ ︸
α⊥
 ,
(
i = 1, 2, 3, 8
j = 4, 5, 6, 7
)
4× 8 32
∆δspin =

(±1
2
1 ± 122 ± 123 + 128
)︸ ︷︷ ︸
α‖ even # of − signs
⊕ (±1
2
4 ± 125 ± 126 ± 127
)︸ ︷︷ ︸
α⊥ even # of − signs
 4× 8 32
∆δ
spin
=

(±1
2
1 ± 122 ± 123 + 128
)︸ ︷︷ ︸
α‖ odd # of − signs
⊕ (±1
2
4 ± 125 ± 126 ± 127
)︸ ︷︷ ︸
α⊥ odd # of −
 4× 8 32
96
(3.28)
We can now verify the general statements made in the previous sections about the paint
group representations to which the various roots are assigned. First of all we see that, as we
claimed, the long roots of F4, namely those 12 given in (3.26) are singlets under the paint
group Gpaint = SO(8). All other roots fall into multiplets with the same Tits-Satake projection
and each of these latter has always the same multiplicity, in our case m = 8 (compare with
(3.12)). So the short roots of F4(4) fall into 8–dimensional representations of Gpaint = SO(8).
But which ones? SO(8) has three kinds of octets 8v, 8s and 8s¯ and, as we stated, not every
root αs of the Tits-Satake algebra GTS falls in the same representation D of the paint group
although in this case all D[αs] have the same dimension. Looking back at our result we easily
find the answer. The 4 positive roots in the subset ∆δvec have as compact part α⊥ the weights
of the vector representation of SO(8). Hence the roots of ∆δvec are assigned to the 8v of the
paint group. The 4 positive roots in ∆δspin have instead as compact part the weights of the
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spinor representation of SO(8) and so they are assigned to the 8s irreducible representation.
Finally, with a similar argument, we see that the 4 roots of ∆δ
spin
are in the conjugate spinor
representation 8s¯. The last part of the general discussion of section 3.1 is now easy to verify
in the context of our example, namely that relevant to the subpaint group G0subpaint (we will
omit sometimes the ‘subpaint’ indication for convenience). According to (3.13)-(3.14) we have
to find a subgroup G0 ⊂ SO(8) such that under reduction with respect to it, the three octet
representations branch simultaneously as :
8v
G0−→ 1⊕ 7,
8s
G0−→ 1⊕ 7,
8s¯
G0−→ 1⊕ 7. (3.29)
Such group G0 exists and it is uniquely identified as the 14 dimensional G2(−14). Hence the
subpaint group is G2(−14). Considering now (3.16) we see that the commutation relations
of the solvable Lie algebra Solv
(
E8(−24)/E7(−133) × SU(2)
)
precisely fall into the general form
displayed in the first column of that table with the index x = 1, . . . , 7 spanning the fundamental
7-dimensional representation of G2(−14) and the invariant antisymmetric tensor axyz being given
by the G2(−14)-invariant octonionic structure constants. Indeed the representation J mentioned
in section 3.1 is the fundamental 7 and we have the decomposition:
7 × 7 = 14 ⊕ 7︸ ︷︷ ︸
antisymmetric
⊕27 ⊕ 1︸ ︷︷ ︸
symmetric
. (3.30)
This shows that, as claimed in point [E] of the general discussion, the tensor product J × J
contains both the singlet and J.
In the example studied in paper [20], namely
ΠTS :
E7(−5)
SO(12)× SU(2) −→
F4(4)
USp(6)× SU(2) (3.31)
the image of the Tits-Satake projection yields the same maximally split coset as in the
case presently illustrated, although the original manifold is a different one. The only dif-
ference that distinguishes the two cases resides in the paint group. There we have Gpaint =
SO(3)× SO(3)× SO(3) and the subpaint group was identified as G0subpaint = SO(3)diag. Cor-
respondingly the index x = 1, 2, 3 spans the triplet representation of SO(3) which is the J
appropriate to that case and the invariant tensor axyz is given by the Levi-Civita symbol εxyz.
Let us now consider the group theoretical meaning of the splitting of F4(4) roots into the
three subsets ∆svec, ∆
s
spin, ∆
s
TS,spin
, which are assigned to different representations of the paint
group SO(8). This is easily understood if we recall that there exists a subalgebra SO(4, 4) ⊂
F4(4) with respect to which we have the following branching rule of the adjoint representation
of F4(4):
52
SO(4,4)→ 28nc ⊕ 8ncv ⊕ 8ncs ⊕ 8ncs¯ (3.32)
The superscript nc is introduced just in order to recall that these are representations of the
noncompact real form SO(4, 4) of the D4 Lie algebra. By 28, 8v, 8s and 8s¯ we have already
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denoted and we continue to denote the homologous representations in the compact real form
SO(8) of the same Lie algebra. The algebra SO(4, 4) is regularly embedded and therefore its
Cartan generators are the same as those of F4(4). The 12 positive long roots of F4(4) are the only
positive roots of SO(4, 4), while the three sets ∆svec, ∆
s
spin, ∆
s
spin
just correspond to the positive
weights of the three representations 8ncv , 8
nc
s and 8
nc
s¯ , respectively. This is in agreement with
the branching rule (3.32). So the conclusion is that the different paint group representation
assignments of the various root subspaces correspond to the decomposition of the Tits-Satake
algebra F4(4) with respect to what we can call the sub Tits-Satake algebra
15 GsubTS = SO(4, 4).
We can just wonder how the concept of sub Tits-Satake algebra can be defined. This is very
simple and obvious from our example. GsubTS is the normalizer of the paint group Gpaint within
the original group GR. Indeed there is a maximal subgroup:
SO(4, 4)× SO(8) ⊂ E8(−24), (3.33)
with respect to which the adjoint of E8(−24) branches as follows:
248
SO(4,4)×SO(8)−→ (1,28)⊕ (28nc,1)⊕ (8vnc,8v)⊕ (8snc,8s)⊕ (8s¯nc,8s¯) (3.34)
and the last three terms in this decomposition display the pairing between representations
of the paint group and representations of the sub Tits-Satake group. Alternatively we can
view the subpaint group G0subpaint = G2(−14) as the normalizer of the Tits-Satake subgroup
GTS = F4(4) within the original group GR = E8(−24). Indeed we have a subgroup
F4(4) ×G2(−14) ⊂ E8(−24), (3.35)
such that the adjoint of E8(−24) branches as follows:
248
F4(4)×G2(−14)−→ (52,1)⊕ (1,14)⊕ (26,7) (3.36)
The two decompositions (3.34) and (3.36) lead to the same decomposition with respect to the
intersection group:
Gintsec ≡
(
GTS ×G0subpaint
)⋂
(GsubTS ×Gpaint) = GsubTS ×G0subpaint
=
(
F4(4) ×G2(−14)
)⋂
(SO(4, 4)× SO(8)) = SO(4, 4)×G2(−14). (3.37)
We find
248 → (1,14)⊕ (1,7)⊕ (1,7)⊕ (8ncv ,7)⊕ (8ncs ,7)⊕ (8ncs¯ ,7)
⊕(28nc,1)⊕ (8ncv ,1)⊕ (8ncs ,1)⊕ (8ncs¯ ,1). (3.38)
The adjoint of the Tits-Satake subalgebra GTS = F4(4) is reconstructed by collecting together
all the singlets with respect to the subpaint group G0subpaint. Alternatively the adjoint of the
paint algebra Gpaint = SO(8) is reconstructed by collecting together all the singlets with respect
to the sub Tits-Satake algebra GsubTS = SO(4, 4).
Finally, we can recognize the sub Tits-Satake algebra as the algebra generated by the CSA
and roots ∆` (and their negatives) in the decomposition 3.7.
15This concept corresponds to the algebra Gs in [22].
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3.3 TS projection for homogeneous special geometries
After our detailed discussion of the Tits-Satake projection in the case of symmetric spaces
we can extract a general scheme that will apply also to more general solvable Lie algebras
as those appearing in the context of N = 2 homogeneous special geometries. Let us discuss
how the Tits-Satake projection can be reformulated relying on the paint and subpaint group
structures. In section 3.1 our starting point was the geometrical projection of the root system
∆G onto the noncompact Cartan subalgebra by setting, for each root α ∈ ∆G its compact part
α⊥ to zero. This is the operation that is no longer available in the general case of a solvable
algebra as that mentioned in (1.6). We now only have the solvable algebra, which corresponds
to the noncompact part α‖. Indeed at the level of the solvable Lie algebra there is no notion
of the compact Cartan generators. However, the structures that still persist and allow us to
define the Tits-Satake projection are those of paint and subpaint groups. Indeed for all the
solvable Lie algebras SolvM considered in the classification of homogeneous special geometries
the following statements A-E will be true:
A1] There exists a compact algebra Gpaint which acts as an algebra of outer automorphisms
(i.e. outer derivatives) of the solvable algebra SolvM. The algebra Gpaint is rigorously defined
as follows. Given the solvable Lie algebra SolvM the corresponding Riemannian manifold
M = exp [SolvM] has an algebra of isometries GisoM, which is normally larger than SolvM,
and for all special homogeneous manifolds M such algebras were studied and completely
classified in [43, 44], see section 2.3. Obviously SolvM ⊂ GisoM. Let us define the subalgebra of
automorphisms of the solvable Lie algebra in the standard way:
GisoM ⊃ Aut [SolvM] =
{
X ∈ GisoM | ∀Ψ ∈ SolvM : [X , Ψ] ∈ SolvM
}
. (3.39)
By its own definition the algebra Aut [SolvM] contains SolvM as an ideal. Hence we can define
the algebra of external automorphisms as the quotient:
AutExt [SolvM] ≡ Aut [SolvM]
SolvM
, (3.40)
and we identify Gpaint as the maximal compact subalgebra of AutExt [SolvM]. Actually we
immediately see that
Gpaint = AutExt [SolvM] . (3.41)
Indeed, as a consequence of its own definition the algebra AutExt [SolvM] is composed of
isometries which belong to the stabilizer subalgebra H ⊂ GisoM of any point of the manifold,
since SolvM acts transitively. In virtue of the Riemannian structure of M we have H ⊂ so(n)
where n = dim (SolvM) and hence also AutExt [SolvM] ⊂ so(n) is a compact Lie algebra.
A2] We can now reformulate the notion of maximally noncompact or maximally split algebras
in such a way that it applies to the case of all considered solvable algebras, independently
whether they come from symmetric spaces or not. The algebra SolvM is maximally split if the
paint algebra is trivial, namely:
SolvM = maximally split ⇔ AutExt [SolvM] = ∅. (3.42)
For maximally split algebras there is no Tits-Satake projection, namely the Tits-Satake sub-
algebra is the full algebra.
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B] Let us now consider non maximally split algebras such that AutExt [SolvM] 6= ∅. Let r
be the rank of SolvM, namely the number of its Cartan generators Hi and n the number of its
nilpotent generators Wα, namely the number of generalized roots ~α. The whole set of Cartan
generators Hi plus a subset of p nilpotent generators Wα` associated with roots ~α` that we
name long close a solvable subalgebra SolvsubTS ⊂ SolvM that is made of singlets under the
action of the paint Lie algebra Gpaint, i.e.
SolvsubTS = span {Hi,Wα`} ,
[SolvsubTS , SolvsubTS] ⊂ SolvsubTS,
∀X ∈ Gpaint , ∀Ψ ∈ SolvsubTS : [X,Ψ] = 0. (3.43)
We name SolvsubTS the sub Tits-Satake algebra. By definition SolvsubTS has the same rank
as the original solvable algebra SolvM. We show in later sections that there is a very short
list of possible cases for SolvsubTS. In all possible cases, it is the solvable Lie algebra of a
symmetric maximally split coset GsubTS/HsubTS. In this way, eventually, we have the notion
of a semisimple Lie algebra GsubTS. These are given in table 4, and correspond to the notion
Table 4: GsubTS. The solvable algebra of the (maximally split) coset GsubTS/HsubTS is the sub
Tits-Satake algebra. The lines distinguish spaces of different rank, similar to the scheme in
table 2. The inverse c–map leads from the last column to the middle one, and the inverse
r–map to the first column, each time reducing the rank with 1.
real Ka¨hler quaternionic
SO(1, 1)
SU(1, 1)
SU(1, 1)
SO(2, 2)
G2(2)
SO(1, 1) [SU(1, 1)]2 SO(3, 4)
[SO(1, 1)]2 [SU(1, 1)]3 SO(4, 4)
of sub Tits-Satake algebra as it was used for symmetric spaces. However, for homogeneous
spaces we start only with the solvable algebras, and as such SolvsubTS is the algebra that is
intrinsically defined as the sub Tits-Satake algebra. This subtlety becomes more relevant for
the Tits-Satake algebra itself, where the solvable algebra is not in all cases the solvable algebra
of a symmetric space, and thus a corresponding group GTS is not well defined.
A first very basic grouping of the algebras SolvM is as such done on the basis of their sub
Tits-Satake algebra. It suffices to compare tables 2 and 4 to recognize the groups, that are, up
to one exception, just groups according to the rank of the solvable algebras.
C1] Considering the orthogonal decomposition of the original solvable Lie algebra with re-
spect to its sub Tits-Satake algebra:
SolvM = SolvsubTS ⊕Kshort. (3.44)
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We find that the orthogonal subspace Kshort necessarily decomposes into a sum of q subspaces:
Kshort =
q⊕
℘=1
D
[P+℘ ,Q℘] , (3.45)
where each D
[P+℘ ,Q℘] is the tensor product:
D
[P+℘ ,Q℘] = P+℘ ⊗ Q℘ (3.46)
of an irreducible module Q℘ (i.e. representation) of the compact paint algebra Gpaint with
an irreducible module P+℘ of the solvable sub Tits-Satake algebra SolvsubTS. As we already
noticed, SolvsubTS is the maximal Borel subalgebra of the maximally split, semisimple, real Lie
algebra GsubTS. Hence an irreducible module P+℘ of SolvsubTS necessarily decomposes in the
following way:
P+℘ =
n℘⊕
s=1
W[~α(℘,s)], n℘ = dimP+℘ , (3.47)
where each W[~α(℘,s)] is an eigenspace of the CSA of GsubTS, which coincides with that of
SolvsubTS and eventually with the CSA of the original SolvM. Explicitly this means:
∀Hi ∈ CSA (SolvM) , ∀Ψ ∈ W[~α(℘,s)] ⊗ Q℘ : [Hi , Ψ] = α(℘,s)i Ψ. (3.48)
Furthermore the r-vectors of eigenvalues, which are roots of SolvM (see (1.6)), are identified
by (3.47) as the non negative weights of some irreducible module P℘ of the simple Lie algebra
GsubTS:
P℘ = P+℘ ⊕ P−℘ , P−℘ =
n℘⊕
s=1
W[−~α(℘,s)]. (3.49)
Indeed for the solvable Lie algebras Solv(G/H) of maximally split cosets the irreducible modules
are easily constructed as half-modules of the full algebra G, namely by taking the eigenspaces
associated with non negative weights.
C2] The decomposition of Kshort mentioned in (3.45) has actually a general form depending
on the rank. We will discuss this here for the quaternionic-Ka¨hler manifolds, as the other ones
can be obtained by restriction of the generators using the inverse c– and r–maps as discussed
in section 2.2.
r = 4) In this case there are just three modules of GsubTS = SO(4, 4) involved in the sum of
(3.45) namely P8v , P8s , P8s¯ , where 8v,s,¯s denotes the vector, spinor and conjugate spinor
representation, respectively. All these three modules are 8 dimensional, which means
that for all of them there are 4 positive weights and 4 negative ones. Denoting these half
spaces by 4+v,s,¯s, we can write:
Kshort =
(
4+v ,Qv
)⊕ (4+s ,Qs)⊕ (4+s¯ ,Qs¯) , (3.50)
where Qv,s,¯s are three different irreducible modules of Gpaint that we will discuss in later
sections. The generic case is that where all three representations Qv,s,¯s are non vanishing
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and this corresponds to L(q, P ) or L(4m,P, P˙ ) with q, P,m ≥ 1. Special cases where
two of the three representations Gpaint vanish correspond to the classes L(0, P ), while
for L(0, P, P˙ ) only one of these representations vanishes. The limiting case is that where
all three representations are deleted and the full algebra is just Solv
(
SO(4,4)
SO(4)×SO(4)
)
, which
is L(0, 0). Note that (3.50) is the generalization of the decomposition (3.34) applying
to the case L(8, 1). There we have Gpaint = SO(8) and the aforementioned irreducible
modules are:
Qv = 8v ; Qs = 8s ; Qs¯ = 8s¯ (3.51)
r = 3) In this case there is only one module of GsubTS = SO(3, 4) involved in the sum of
(3.45) namely P8s where 8s denotes the 8 dimensional spinor representation of SO(3, 4).
With a notation completely analogous to that employed above let 4+s denote the space
spanned by the eigenspaces pertaining to positive spinor weights. Then we can write:
Kshort =
(
4+s ,Qs
)
, (3.52)
where the representation Qs of the paint group will be discussed in later sections. When
Qs is non vanishing we describe the L(−1, P ) spaces which at the quaternionic level are
never given by symmetric spaces. When Qs vanishes, we degenerate in the case L(−1, 0),
which is already maximally split.
r = 2) In this case, there is one exceptional case, namely SG5, where GR = GsubTS = G2(2). In
all other cases, there are two modules of SO(2, 2) involved in the sum of (3.45) and these
are the spinor module P4s and the vector module P4v . Both modules are 4-dimensional
and in our adopted notations we can write:
Kshort =
(
2+s ,Qs
)⊕ (2+v ,Qv) . (3.53)
Later on in this section, we will discuss the representations Qs, Qv of the paint group
and show how the coset manifolds in the series L(−2, P ) can be reconstructed. When
P = 0, only the representation Qv is non-vanishing.
r = 1) In this case we have to distinguish between GsubTS = SO(1, 1) or GsubTS = SU(1, 1).
When GsubTS = SU(1, 1) we have:
Kshort =
(
1+s ,Qs
)
, (3.54)
where 1+s denotes the positive weight subspace of the spinor representation of so(1, 2),
i.e. the fundamental of su(1, 1), which is two-dimensional. The representation Qs will
be discussed later. When GsubTS = SO(1, 1) on the other hand, we have:
Kshort =
(
1+s ,Qs
)⊕ (1+v ,Qv) . (3.55)
In this case, 1+s denotes a subspace of weight 1/2 with respect to GsubTS = so(1, 1),
while the subspace 1+v has weight 1. When Qs is non-vanishing, we describe the spaces
L(−3, P ), P ≥ 1. When Qs vanishes, we are describing the space L(−3, 0). The repre-
sentations Qs and Qv of the paint group that appear here will be discussed later.
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We can now note a regularity in the decomposition of Kshort. For all values of the rank we
always have the space (S+,Qs) that associates a representation of the paint group to the half
spinor representation of the sub Tits-Satake algebra. In the case of rank r = 4 in addition to
this we also have the representations Qv and Qs¯, which we associate to what we can name
the V+ and S¯+ half modules. These latter exist in rank 4 and can vanish in lesser rank. The
reader may compare this with the remarks at the end of section 2.1, where the generators for
the manifolds of rank lower than 4 were recognized as subset of those of rank 4. With this
proviso we have established a notation covering all the cases which enables us to proceed to
the next point and give a general definition of the Tits-Satake projection.
D] The paint algebra Gpaint contains a subalgebra
G0subpaint ⊂ Gpaint, (3.56)
such that with respect to G0subpaint, each of the three irreducible representations Qv,s,¯s branches
as:
Qv,s,¯s
G0subpaint
=⇒ 1︸︷︷︸
singlet
⊕Jv,s,¯s, (3.57)
where the representation Jv,s,¯s is in general reducible.
E] The restriction to the singlets of G0subpaint defines a Lie subalgebra of SolvM, namely, if we
set:
SolvTS ≡ SolvsubTS ⊕
(V+,1) ⊕ (S+,1) ⊕ (S+,1) , (3.58)
we get:
[SolvTS , SolvTS] ⊂ SolvTS . (3.59)
Relying on all the above properties and structures described in points A], B], C], D] and E],
which turn out to hold true for every SolvM considered in the sequel, irrespectively whether
it is associated with a symmetric space or not, we can define the Tits-Satake projection at the
level of solvable algebras by stating:
ΠTS : SolvM −→ SolvTS ⊂ SolvM
Ψ ∈ SolvTS if and only if : ∀X ∈ G0subpaint : [X,Ψ] = 0. (3.60)
In other words, we define the Tits-Satake solvable subalgebra SolvTS as spanned by all the
singlets under the subpaint group Gsubpaint. By its very definition the Tits-Satake subalgebra
contains the sub Tits-Satake algebra SolvsubTS ⊂ SolvTS which is made of singlets with respect
to the full paint group Gpaint The subtle points in the above definition of the Tits-Satake
projection is given by point D] and E]. Namely it is a matter of fact, which is not obvious
a priori, that the addition of the three modules (occasionally vanishing) V+,S+,S+ to the
sub Tits-Satake algebra SolvsubTS always defines a new Lie algebra. Being true this implies
that a subalgebra SolvTS with the structure (3.58) exists in SolvQ and Gsubpaint is its stability
subalgebra. Vice versa, the existence of a subpaint algebra such that the decomposition (3.57)
is true, implies that the subspace (3.58) closes a subalgebra since the kernel of a subalgebra of
automorphisms is necessarily a closed subalgebra.
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3.4 Results for the TS projection of homogeneous special manifolds
The discussion of section 3.3 outlined the scheme of Tits-Satake projections. We will now
demonstrate how indeed the generators of table 1 and their weights given in (2.22) [18] fit in
this picture. In section 4, these results will be developed starting from the paint group as
required by the systematic procedure outlined above.
It is convenient to change the basis of the CSA in the following way:
H1 = h0 + h1, H2 = h0 − h1, H3 = h2 + h3, H4 = h2 − h3. (3.61)
This leads to
H1 : (0, 0, 0, 0) g0 : (1, 1, 0, 0) q0 : (0, 1,−1, 0) p0 : (1, 0, 1, 0)
H2 : (0, 0, 0, 0) g1 : (1,−1, 0, 0) q1 : (0, 1, 1, 0) p1 : (1, 0,−1, 0)
H3 : (0, 0, 0, 0) g2 : (0, 0, 1, 1) q2 : (1, 0, 0,−1) p2 : (0, 1, 0, 1)
H4 : (0, 0, 0, 0) g3 : (0, 0, 1,−1) q3 : (1, 0, 0, 1) p3 : (0, 1, 0,−1)
X+ : (0, 0, 1, 0) X− : (0, 0, 0, 1) X˜+ : (1, 0, 0, 0) X˜− : (0, 1, 0, 0)
Y + : (1
2
,−1
2
, 1
2
,−1
2
) Y − : (1
2
,−1
2
,−1
2
, 1
2
) Y˜ + : (1
2
, 1
2
, 1
2
, 1
2
) Y˜ − : (1
2
, 1
2
,−1
2
,−1
2
)
Z+ : (1
2
,−1
2
, 1
2
, 1
2
) Z− : (1
2
,−1
2
,−1
2
,−1
2
) Z˜+ : (1
2
, 1
2
, 1
2
,−1
2
) Z˜− : (1
2
, 1
2
,−1
2
, 1
2
)
(3.62)
The subset (Hi, gi, qi, pi) can be recognized as the CSA and the 12 positive roots of the D4
simple root system. They generate the solvable sub Tits-Satake algebra:
span {Hi, gi, qi, pi} = SolvsubTS ≡ Solv
[
SO(4, 4)
SO(4)× SO(4)
]
. (3.63)
With reference to the general decomposition of Kshort mentioned in (3.50) the following iden-
tification is henceforth evident:
span
{
X+, X−, X˜+, X˜−
}
=
(
4+v ,Qv
)
,
span
{
Y +, Y −, Y˜ +, Y˜ −
}
=
(
4+s ,Qs
)
,
span
{
Z+, Z−, Z˜+, Z˜−
}
=
(
4+s¯ ,Qs¯
)
. (3.64)
Indeed, the weights assigned to the 4 operators of type X are the 4 positive weights of the
8–dimensional vector representation of SO(4, 4). The weights assigned to the 4 operators of
type Y are the 4 positive weights of the 8–dimensional spinor representation s of SO(4, 4), as
there are an even number of minus signs in the eigenvalues ±1
2
. The odd number of minus
signs for the operators of type Z identifies them with the positive weights of the representation
s of SO(4, 4).
Before turning to that let us examine the cases of lower rank. To this effect observe that the
case q = −3 is not a special quaternionic manifold. Its symmetry structure is not of the form
of table 1. For the other cases, we have explained at the end of section 2.1 how they can be
obtained from truncating the general structure of rank 4 spaces. There is an anomaly for the
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case SG5 where the weights do not follow the scheme of (2.22), but were given in (2.14). These
can be recognized as the CSA and 6 positive roots of G2. In this case we have a maximally
split algebra and the Tits-Satake projection is trivial.
In general the Tits-Satake projection on the algebras is a subalgebra consisting of only
one root with the same root vector. Therefore it removes the redundancy of the X, Y and Z
columns indicated in the last row of table 1. In the generic case, the Tits-Satake projected
algebra is thus just the algebra with one entry in any entry of table 1 that is present. This
reduction is performed group theoretically in the following way. Once the representations of
the paint group to which each of the X, Y and Z spaces have been assigned have been identified
one has to single out the subpaint group such that each of these representations splits into a
singlet plus more and the collection of the three singlets plus the sub Tits-Satake algebra makes
the Tits-Satake one.
4 The systematics of paint groups
As we explained in section 3.3, the Tits-Satake projection originally defined for symmetric
spaces in terms of a geometrical projection of the root space, can be generalized to all solvable
algebras of special geometries in terms of the paint and subpaint group structures. The sys-
tematic procedure outlined there, started as step A] with the identification of the paint group.
This is what we do now, unveiling a very elegant pattern of such paint groups.
As we claimed in the introduction, the specially fascinating property of the paint group is
that it is invariant under the r-map or c-map, namely under dimensional reduction. For this
reason it is not relevant whether we identify it at the level of the quaternionic, special Ka¨hler
or real member of a given family. It is a property of the entire family. We begin by reviewing
the case of the symmetric spaces.
4.1 The paint group for noncompact symmetric spaces
In section 3.3, we defined the paint group as the group of external automorphisms of the solvable
algebra associated with a certain homogeneous space (3.41). For noncompact symmetric spaces
there exists another, more common, definition of the paint group. Referring to the presentation
in the beginning of section 3.1, the paint group is defined as a subgroup of H, whose Cartan
generators are those in Hcomp and the roots are those in ∆comp (and their negatives), i.e. those
that have no component α|| in the decomposition (3.4).
As we mentioned already in the example in section 3.2, a real form GR of the Lie algebra
G is represented by the so-called Satake diagrams (see for instance [23]), which are Dynkin
diagrams with the following extra decorations:
• Compact simple roots (those in ∆comp) are denoted by filled circles.
• Simple roots that result in the same restricted root setting α⊥ = 0 are connected with a
two-sided arrow. These are simple roots that necessarily belong in ∆δ.
Given the Satake diagram the paint group can then be read from it in the following way. The
black dots form a Dynkin diagram of the semi-simple type. The paint group then contains a
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factor corresponding to this painted subdiagram. This corresponds to the roots in ∆comp and
the elements of Hcomp for which these roots have non-vanishing components. Furthermore, for
every arrow, there is one additional SO(2)-factor that commutes with the rest of the paint
group. These correspond to the additional generators in Hcomp. An example of this is given
in figures 1 and 2. For the symmetric quaternionic spaces of rank 4, the paint groups are
Figure 2: Satake diagram of E6(2). The paint group can be seen to be SO(2)
2.
E6(2) ◦
◦ ee 99◦ ff 88◦ ◦ ◦
summarized in table 5. The cases L(4, 1) and L(8, 1) have already been extensively discussed,
Table 5: Symmetric very special real spaces and their corresponding Ka¨hler and quaternionic
spaces. The last two columns indicate the paint and subpaint groups respectively. The spaces
corresponding to L(1, 1) (above the line) are maximally noncompact and do not have any paint
group.
C(h) real Ka¨hler quaternionic Gpaint G
0
subpaint
L(1, 1) S `(3,R)
SO(3)
Sp(6)
U(3)
F4(4)
USp(6)×SU(2) – –
L(2, 1) S `(3,C)
SU(3)
SU(3,3)
SU(3)×SU(3)×U(1)
E6(2)
SU(2)×SU(6) SO(2)
2 1
L(4, 1) SU
∗(6)
Sp(3)
SO∗(12)
SU(6)×U(1)
E7(−5)
SO(12)×SU(2) SO(3)
3 SO(3)diag
L(8, 1)
E6(−26)
F4(−52)
E7(−25)
E6(−78)×U(1)
E8(−24)
E7(−133)×SU(2) SO(8) G2(−14)
at the level of their quaternionic member in [20] and in section 3.2. Here we can briefly explain
the group theory of the case L(2, 1). It suffices to note that the E6(2) Lie algebra contains F4(4)
as a maximal subalgebra and that the adjoint has the following branching rule:
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F4(4)−→ 52⊕ 26. (4.1)
This shows that the subpaint group is empty since the normalizer of the Tits-Satake subalgebra
F4(4) is null. On the other hand, recalling the decomposition of the fundamental representation
of F4(4) with respect to the subalgebra SO(4, 4)
26
SO(4,4)−→ 1⊕ 1⊕ 8vnc ⊕ 8snc ⊕ 8s¯nc, (4.2)
together with the branching rule of the adjoint given in (3.32), we conclude that under the
subgroup SO(4, 4)× SO(2)2 we have:
78
SO(4,4)×SO(2)2−→ (28nc,1,1)⊕ (8vnc,2,1)⊕ (8snc,1,2)⊕(8ncs¯ ,1,2)⊕(1,1,1)⊕(1,1,1) , (4.3)
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which shows that the paint group is indeed SO(2)2 as claimed. From (4.3) we also read off the
representations Qv,s,ˆs defined by (3.50) that pertain to this case:
Qv = (2,1) ; Qs = (1,2) ; Qsˆ = (1,2). (4.4)
4.2 The paint group in homogeneous special geometries
In the previous section we mentioned how the paint group for non-compact symmetric spaces
can be inferred from the corresponding Satake diagrams. In this section we shall determine
the paint groups for general homogeneous special geometries.
From table 2, one can see that all homogeneous quaternionic spaces of rank less than 3 are
symmetric. For these it is thus possible to use Satake diagrams to determine the paint groups.
The spaces of rank 3 and 4 all have a five-dimensional origin. We can thus use the structure
of their isometry groups, as exhibited in section 2.3 to find the corresponding paint groups.
Focusing at the isometry algebra of the quaternionic spaces, one can immediately recognize
that the part Sq(P, P˙ ) (if non-trivial) will always be part of the paint group. Indeed, it acts as
a group of external automorphisms on V1 and V2. Since moreover it commutes with the rest
of V0 it also acts as a group of external automorphisms on the solvable part of V0.
Moreover, also the so(q+ 3, 3) part of V0 acts as a group of automorphisms on V1 and V2. This
implies that the part of so(q+ 3, 3) that acts as a group of external automorphisms on its own
solvable algebra will also be part of the paint group. But this is nothing but the paint group
of SO(q + 3, 3) and can be inferred from the corresponding Satake diagram fig. 3. It can be
Figure 3: The Satake diagram of SO(q + 3, 3) for q odd. The paint group is represented by the
subdiagram made of filled circles and is seen to be SO(q).i i i y q q q y@
 
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easily verified that this contributes an SO(q)-factor to the paint group.
The argument for the Ka¨hler and real spaces is completely analogous. One should just
replace so(q+ 3, 3) by so(q+ 2, 2), so(q+ 1, 1) respectively. In each case one can conclude that
the paint group for a general homogeneous special geometry is given by
Gpaint = SO(q)× Sq(P, P˙ ). (4.5)
Accidentally, this structure is insensitive to the sign of q. Indeed although the structure of the
solvable algebra is very different, for say q = 3 and for q = −3, yet the paint group is the same
in both cases and the same irreducible representations are present. Hence also the subpaint
group and the relevant decompositions will be the same for ±q.
The action of the paint group on the solvable algebra of the corresponding manifolds can
also be induced from section 2.3. Let us focus on the real spaces for a moment.
• The Cartan generators of the solvable algebra are singlets under the paint group.
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• The q nilpotent generators of Solv(so(q + 1, 1)) (corresponding to the generators of type
X in Alekseevsky’s notation) transform as a vector under the SO(q) part of the paint
group, while they are inert under Sq(P, P˙ ).
• The generators ξΛ transform in a (in general reducible) spinor representation of SO(q+1).
The space ξΛ however splits into two subspaces Y and Z, with different gradings with
respect to the non-compact Cartan generator of SO(q + 1, 1) (denoted by α). Since the
SO(q) part of the paint group commutes with this Cartan generator, the ξΛ split into two
(in general reducible) spinor representations under the SO(q) factor of the paint group.
These correspond to the spaces Y and Z in Alekseevsky’s notation. Since Sq(P, P˙ )
commutes with α as well, the spaces Y and Z will also separately transform in (vector)
representations of the Sq(P, P˙ ) factor of the paint group.
Since for the Ka¨hler and quaternionic-Ka¨hler spaces, the generators of the solvable algebra
occur in the same representations as in the case of the real spaces, the story for them is
essentially the same as described above. The only difference, is that the number of singlets is
increased, giving rise to non-trivial GsubTS algebras.
We can now easily match the above findings with the general discussion of section 3.3.
There we worked at the level of the quaternionic member of each family, since this allowed
to include all cases, also those that are not in the image of the c-map or of the r-map. Yet
the invariance of the paint group with respect to these maps precisely means that the Qv,s,¯s
representations remain the same in real, in special Ka¨hler and in quaternionic-Ka¨hler algebras.
What changes is just the GsubTS algebra which climbing up from quaternionic to real geometry
(dimensional oxidation) is progressively reduced of rank. The result was anticipated in item
B] of section 3.3, and is given in table 4.
The information contained in the above discussion is what was needed in order to determine
the desired representations Qv,s,¯s of the paint group, respectively associated with the vector,
spinor and conjugate spinor weights of the sub Tits-Satake algebra. Our findings, which are
an immediate consequence of the real Clifford algebra representations discussed in appendix
B, are summarized in table 6. In writing the spinor representations, one may comment about
the way that the spinor representations are denoted. In real components, the representations
of SO(q) are of dimension 1
2
Dq+1. The complex or quaternionic structure acts on the same
components. A notation (1
2
Dq+1, P ) as representation of SO(q) × U(P ) for the complex case
means that it is a complex P dimensional representation for U(P ) but the complex structure
is taken into account for the counting of real components in the first factor. Alternatively, we
could have written it as (1
4
Dq+1, 2P ) when we take real components for the representation of
U(P ) and complex spinor representations. Similarly, in the quaternionic case we can write the
representations of SO(q)×USp(2P ) either as (1
2
Dq+1, P ), as (14Dq+1, 2P ) (dividing the complex
structures over the two sides) or as (1
8
Dq+1, 4P ).
Note that for q = −2 the QV representation does not originate from the X-generators as
for q ≥ 1, but from the equality of the roots q0 and q1, of p0 and p1 as explained at the end
of section 2.1. On the other hand, for q = −3 we do not have the scheme of table 1, but the
result follows from the known scheme for symmetric spaces.
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Table 6: The assignments of paint group representations in homogeneous special geometries.
Family Paint group QV QS QS¯
L(−3, P ) SO(3)× USp(2P) (3,1) (4,P) –
SG4 SO(2) – 2 –
L(−2, P ) SO(2)× U(P) (2,1) (2,P) –
SG5 1 – – –
L(−1, P ) SO(P) – P –
L(0, P, P˙ ) SO(P)× SO(P˙) – (P,1) (1,P˙ )
normal
L(q, P ) SO(q)× SO(P ) (q, 1) (1
2
Dq+1, P ) (12Dq+1, P )
q = 1, 7 mod 8
L(q, P, P˙ ) SO(q)× SO(P )× SO(P˙ ) (q, 1, 1) (1
2
Dq+1, P, 1)+ (12Dq+1, P, 1)+
q = 8 mod 8 (1
2
Dq+1, 1, P˙ ) (12Dq+1, 1, P˙ )
complex
L(q, P ) SO(q)× U(P ) (q, 1) (1
2
Dq+1, P ) (12Dq+1, P )
q = 2, 6 mod 8
quaternionic
L(q, P ) SO(q)× USp(2P ) (q, 1) (1
2
Dq+1, P ) (12Dq+1, P )
q = 3, 5 mod 8
L(q, P, P˙ ) SO(q)× USp(2P )× USp(2P˙ ) (q, 1, 1) (1
2
Dq+1, P, 1)+ (12Dq+1, P, 1)+
q = 4 mod 8 (1
2
Dq+1, 1, P˙ ) (12Dq+1, 1, P˙ )
4.3 The subpaint group
The subpaint group whose Lie algebra we denoted Gsubpaint was defined in section 3.3 through
its property (3.57) relative to the decomposition of the representations Qv,s,¯s or alternatively
as the subgroup of the paint group that commutes with the Tits-Satake subalgebra. As we
emphasized there, the very existence of a solvable Lie subalgebra with the structure (3.58)
implies the existence of the subpaint group with the property (3.57) and vice versa. Hence
the search for subpaint subalgebras is the group theoretical formulation of the Tits-Satake
projection.
To single out the subpaint group Gsubpaint ⊂ Gpaint for a homogeneous space L(q, P, P˙ ),
whose paint group is Gpaint = SO(q)× Sq(P, P˙ ) the following strategy can be adopted:
1. Since the representation Qv corresponding to the X–space generators is always of the
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form
Qv = (q,1) (4.6)
where q denotes the vector representation of SO(q) and 1 the singlet representation of
Sq(P, P˙ ), first one decomposes this representation with respect to the subgroup
SO(q − 1) ⊂ SO(q) (4.7)
as q → 1 + (q− 1). The singlet, named X• is the only element of the X–space which
survives the TS projection.
2. Next, one looks for a subgroup Gsubpaint ⊂ SO(q− 1)×Sq(P, P˙ ) such that the decompo-
sition of the spinor representations Qs and Qs¯, respectively associated with the spaces
Y and Z, contain each at least one singlet. Then one chooses one of the singlets Y• and
defines Z• = [X•, Y•] to complete the Tits-Satake projection.
Thus in order to figure out the subpaint group one should consider the explicit spinor
representations of the Clifford algebra Cq+1. Here we explore one by one the cases −3 ≤ q ≤ 9
with arbitrary P , and we give also some examples for q > 9. The results depend on the
structure of the Sq(P, P˙ ) part of the paint group, and as such the cases with different q are
divided into three groups: normal, almost complex and quaternionic as explained in appendix
B.
There are also two quaternionic spaces that are outside of the L(q, P, P˙ ) families, namely
pure N = 2 supergravities in D = 4 and D = 5 dimensions. They are both symmetric spaces,
out of which only the first one, SG4, is non–split and has a non–trivial paint group: SO(2).
The subpaint group in this case is empty, because in order to get singlets we have to break the
paint group completely.
4.3.1 The normal case
q = ±1. The paint group is Gpaint = SO(P ). In the solvable algebra are only P–dimensional
vector representations present. These decompose as P → 1 + (P− 1) under SO(P − 1),
which is therefore identified as the subpaint group.
q = 0. The paint group is Gpaint = SO(P ) × SO(P˙ ), and there are again only vector repre-
sentations. Analogously as in the previous case, we thus find that the subpaint group is
Gsubpaint = SO(P − 1)× SO(P˙ − 1).
q = 7. The paint group is Gpaint = SO(7)×SO(P ). The two representations that are involved
are (7,1) = Qv and (8,P) = Qs = Qs¯, the real 8–dimensional spinor representation of
SO(7). The subpaint group that allows to find singlets in both is Gsubpaint = SU(3) ×
SO(P − 1), where SU(3) ⊂ G2 ⊂ SO(7). Indeed, the representations split as follows
(7,1)→ (1,1) + (3,1) + (3,1),
(8,P)→ (1,1) + (1,1) + (1,P− 1) + (1,P− 1) + (6,1) + (6,P− 1). (4.8)
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q = 8. The paint group is Gpaint = SO(8) × SO(P ) × SO(P˙ ). In this case there are two
inequivalent real spinor representations of SO(8) involved: 8s and 8s¯. The representations
of the full paint group are Qv = (8v,1,1), Qs = (8s,P,1) ⊕ (8s,1, P˙) and Qs¯ =
(8s¯,P,1)⊕(8s¯,1, P˙). Following the strategy described above, we select first the subgroup
SO0(7) ⊂ SO(8) , which splits the 8–dimensional vector representation (space X) into a
singlet plus a 7–dimensional vector. Both spinor representations remain irreducible under
the action of this subgroup. Hence, we have to look for a smaller subgroup inside SO0(7).
This is G2, which can be defined as the intersection SO0(7)
⋂
SO+(7)
⋂
SO−(7), where
SO(7)± are the stability subgroups of the spinor and conjugate spinor representations,
respectively. In this case, in order to obtain singlets in the spinor representation it suffices
to split just one of the two vector representations, either P, or P˙. Indeed, e.g. under
G2 × SO(P − 1)× SO(P˙ ) the representations split as follows
(8v,1,1) → (1,1,1) + (7,1,1),
(8s,P,1) + (8s,1, P˙) → (1,1,1) + (7,1,1) + (1,P− 1,1)
+(7,P− 1,1) + (1,1, P˙) + (7,1, P˙),
(8s¯,P,1) + (8s¯,1, P˙) → (1,1,1) + (7,1,1) + (1,P− 1,1)
+(7,P− 1,1) + (1,1, P˙) + (7,1, P˙). (4.9)
In this way we obtain singlets in the decomposition of all three involved representations.
The subpaint group is thus either Gsubpaint = G2 × SO(P − 1) × SO(P˙ ) or Gsubpaint =
G2×SO(P )×SO(P˙−1). In case P˙ = 0, the subpaint group is Gsubpaint = G2×SO(P−1).
q = 9. The paint group is Gpaint = SO(9) × SO(P ). Real spinor representations of SO(9)
are 16–dimensional. The involved representations of the paint group are Qv = (9,1)
and Qs = Qs¯ = (16,P). The subpaint group is Gsubpaint = SO(7)+ × SO(P − 1), where
SO(7)+ ⊂ SO(8) ⊂ SO(9). The subpaint group induces the following splitting
(9,1) → (1,1) + (8s,1) (4.10)
(16,P) → (1,1) + (1,P− 1) + (7v,1) + (7v,P− 1) + (8s,1) + (8s,P− 1)
In general, we thus conclude that we started from paint groups of the form SO(q)× SO(P )×
SO(P˙ ). The first factor is broken to the common stability subgroup of the vector and spinor
representations. Further we break SO(P ) to SO(P − 1). In case P, P˙ ≥ 1 we have to break
only one of the factors in SO(P ) × SO(P˙ ) in this way, except for q = 0, which is special due
to the fact that in that case the two factors belong to different restricted roots of the solvable
algebra.
4.3.2 The almost complex case
The search for the paint algebra is analogous to the one for the real case. We only need
a little bit more of care about the treatment of the complex structure. The paint group is
SO(q)× U(P ). We will consider this complex structure as part of the unitary group. In order
to find a singlet in the representation Qs or Qs, we have to consider the stability subgroup of a
vector of U(P ), which is U(P −1). Furthermore we have to find as in the real case the common
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stability group of a vector and spinor representation of SO(q). This we will do explicitly for
q = −2, 2 and 6. The subpaint group is then the product of the latter with U(P − 1).
q = ±2. SO(2) is already broken by the vector representation. Hence the analysis is finished
at this point and we obtain Gsubpaint = U(P − 1). However, note that the vector as well
as the 2-dimensional spinor representations therefore split in 2 singlets.
q = 6. The vector representation breaks SO(6) to SO(5). The spinor representation of SO(6),
which is as a real 8-dimensional representation, is the same as the one of SO(5) . To
analyse the latter, it is convenient to use the isomorphism so(5) ∼ usp(4) ∼ su(2,H).
Then the spinor representation becomes a vector representation. A typical vector can
be put along one quaternion, such that it is left invariant under the transformations of
the other quaternions. Therefore the stability group is su(1,H) ∼ su(2). Note that we
do not have to consider here the generator associated with the complex structure on
the Clifford algebra as this has been taken into account on the side of the U(P ) factor.
When we consider the decompositions of the vector and spinor representations under
SO(6) → SO(5) → SU(2) we can consider e.g. the 5 as the antisymmetric traceless
representation of usp(4), and obtain as such
6→ 1 + 5→ 1 + 1 + 2 + 2, 8→ 8→ 1 + 1 + 1 + 1 + 4. (4.11)
Hence ultimately, in this case Gsubpaint = SU(2)×U(P − 1), and there are just more singlets in
each of the spaces X, Y and Z. In order to define the Tits-Satake projection we have to select
among the X generators one, commute it with one of Y ’s and single out the corresponding Z.
4.3.3 The quaternionic case
q = ±3. In this case the paint group is Gpaint = SO(3)×USp(2P ). The representations present
are Qv = (3,1) and Qs = Qs¯ = (2,2P). The last can (sticking to real notations) also be
denoted as (4,P). Splitting the paint group first as SO(3)×USp(2)×USp(2P − 2), and
then taking the diagonal of the SO(3)× USp(2) factor, the representation (2, 2P ) splits
as follows under this SO(3)diag × USp(2P − 2):
(2,2P) → (1,1) + (3,1) + (2,2P− 2). (4.12)
In order to obtain a singlet in the vector representation, we then take an SO(2) subgroup
of SO(3)diag. The subpaint group is thus
Gsubpaint = SO(2)diag × USp(2P − 2). (4.13)
q = 4. The story here is similar to the previous case. The paint group is Gpaint = SO(4) ×
USp(2P )× USp(2P˙ ). One can choose either to break the P or the P˙ sector, we will do
the former, i.e. breaking USp(2P ) to USp(2) × USp(2P − 2). It is useful to consider
SO(4) as SO(3)L × SO(3)R. The vector representation breaks into one singlet and one
triplet under the diagonal subgroup of the two SO(3)L/R. The subpaint group is the
further diagonal with USp(2), and is thus given by
Gsubpaint = SO(3)diag × USp(2P − 2)× USp(2P˙ ). (4.14)
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q = 5. The paint group is Gpaint = SO(5) × USp(2P ). The vector representation Qv = (5,1)
breaks SO(5) to SO(4). We split it as usual into two subgroups SO(3)L/R. The 8-
dimensional spinor representation then splits as 4 + 4, where each one transforms only
under one of the factors SU(2)L/R mentioned above, such that only one of these factors
have to be broken to get the subpaint group. Then we consider again the subgroup
USp(2)× USp(2P − 2) ⊂ USp(2P ) and define the subpaint group as the product:
Gsubpaint = SO(3)diag × SO(3)R × USp(2P − 2), (4.15)
where the diagonal is taken between SO(3)L and USp(2). The representations have the
following splittings
(5,1) → (1,1,1) + (2,2,1),
(4,2P) → (1,1,1) + (3,1,1) + (2,1,2P− 2) + (2,2,1)
+(2,1,2P− 2). (4.16)
We summarize the results in table 7.
Table 7: The paint and subpaint algebras of special manifolds for the first 10 values of the
parameter q.
q Gpaint G
0
subpaint
0 SO(P )× SO(P˙ ) SO(P − 1)× SO(P˙ − 1)
1 SO(P ) SO(P − 1)
2 SO(2)× U(P ) U(P − 1)
3 SO(3)× USp(2P ) SO(2)× USp(2P − 2))
4 SO(4)× USp(2P )× USp(2P˙ ) SO(3)× USp(2P − 2)× USp(2P˙ )
5 SO(5)× USp(2P ) SO(4)× USp(2P − 2))
6 SO(6)× U(P ) SU(2)× U(P − 1)
7 SO(7)× SO(P ) SU(3)× SO(P − 1)
8 SO(8)× SO(P )× SO(P˙ ) G2 × SO(P − 1)× SO(P˙ )
9 SO(9)× SO(P ) SO+(7)× SO(P − 1)
5 Universality classes of homogeneous special geome-
tries
Relying on the lore presented in previous sections we can finally come to the main point of our
paper, namely the grouping of homogeneous special geometries into a few universality classes
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according to their Tits-Satake projections. The relevance of this organization of supergravity
models was already stressed in the introduction, in view of various aspects of supergravity
dynamics, foremost among them being the cosmic billiard dynamics. Indeed the Tits-Satake
projected model captures the relevant features of this dynamics, i.e. the positions of the walls
and the ensuing evolution of the cosmological scale factors. Another, probably even more
compelling reason to consider these universality classes should have emerged from the math-
ematical discussion presented in previous sections and concerns the relation of the effective
supergravity models corresponding to each special manifold with its microscopic string theory
origin. Pivotal in this respect is the concept of sub Tits-Satake algebra which we have intro-
duced in section 3.3 and defined in (3.43). The attentive reader has certainly noted that the
sub Tits-Satake algebra is not only universal for the various rank cases but the manifold it
spans, for instance
MsubTS = SO(4, 4)
SO(4)× SO(4) (5.1)
is the standard moduli space of a toroidal compactification in perturbative string theory,
SO(n, n) being the invariance group of the Narain lattice, for a Tn torus. It is therefore
suggestive that the decomposition of the full scalar manifold according to the sub Tits-Satake
algebra and the paint groups corresponds to an algebraic counterpart of the organization of
degrees of freedom into string perturbative ones and non-perturbative ones due to orbifold
singularities, branes, anti-branes and the like. The various possible choices of paint groups,
within the same universality class probably distinguish different brane systems whose main
dynamical features are similar, notably the cosmic billiard evolution. An example of such a
microscopic interpretation of the TS projection can be found in appendix A.
Here we collect our results for the TS projections of all Lie algebras representing isometries
of special homogeneous manifolds of N = 2 supergravities. Applying the scheme developed
in section 3 that, in short, consists in modding out the original isometry group by the paint
group, we get a list of TS projected algebras that we gather in two separate tables: one for
the manifolds that are very special, and the other for the manifolds that are not very special,
which we call ‘exotic cases’.
5.1 Description of the Tits-Satake projections
Let us start by analysing the very special manifolds that include the L(q, P, P˙ ) families with
q ≥ −1 and pure supergravity in five dimensions: SG5. In table 8 we give the corresponding
real, special Ka¨hler and quaternionic versions of the TS projected isometry algebras. What
is important to note here is that the original infinite set of isometry algebras, extensively
discussed in section 2.3, projects onto a finite set of algebras. This means that infinite families
share all the same TS projections, which reflects the fact that each family has the same system
of restricted roots and the only difference between different members of a family comes from
multiplicities of these restricted root spaces that are removed in the TS projection.
Analysing table 8 one finds that the TS projected algebras given here correspond to the
isometry algebras of seven very special manifolds: L(1, 1), L(0, 1, 1), L(0, 1), L(0, 0), L(−1, 0),
L(−1, 1), SG5 that represent the already announced universality classes of N = 2 supergravity
models. These are shown in table 9.
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Table 8: The TS projections for isometry algebras of the very special manifolds.
name Real Ka¨hler quaternionic-Ka¨hler
GTS GTS GTS
SG5 − su(1, 1) g2(2)
L(−1, 0) so(1, 1) su(1, 1)2 so(3, 4)
L(−1, P ) so(2, 1) SolvSK(−1, 1) SolvQ(−1, 1)
L(0, 0) so(1, 1)⊕ so(1, 1) su(1, 1)3 so(4, 4)
L(0, P ) so(1, 1)⊕ so(2, 1) su(1, 1)⊕ so(3, 2) so(5, 4)
L(0, P, P˙ ) SolvR(0, 1, 1) SolvSK(0, 1, 1) SolvQ(0, 1, 1)
L(q, P )
L(4m,P, P˙ )
s`(3,R) sp(6) f4(4)
Table 9: The seven universality classes of very special homogeneous geometries.
Universality Class Members of the class
L(1, 1)
L(q, P ) for q, P ≥ 1
L(4m,P, P˙ ) for mPP˙ 6= 0
L(0, 1, 1) L(0, P, P˙ ) for P P˙ 6= 0
L(0, 1)
L(0, P, 0) for P 6= 0
L(q, 0) for q > 0
L(0, 0) L(0, 0)
L(−1, 0) L(−1, 0)
L(−1, 1) L(−1, P ) for P ≥ 1
SG5 SG5
The remaining spaces that are not very special are of lower rank r ≤ 2, namely L(−3, 0),
L(−3, P ), SG4, L(−2, 0), L(−2, P ). Since they are all symmetric spaces, one can determine
the corresponding paint groups and TS projections, using Satake diagrams.
The reason why we call these cases exotic is because the resulting TS projected algebras do
not correspond to N = 2 supergravity models any more, so performing the TS projection of,
say, a special Ka¨hler space one arrives at a space that is no longer special Ka¨hler. We analyse
the resulting TS projected spaces in detail below.
rank = 1
• L(−3, 0) corresponds to the symmetric coset USp(2,2)
USp(2)×USp(2) . The paint group in this case
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can be found from the Satake diagram Gpaint = SO(3). So, the space is not split. The
Tits–Satake projection of USp(2, 2) leads to SU(1, 1) and the projected manifold
MTS = SU(1, 1)
U(1)
(5.2)
is not quaternionic! Indeed, the space L(−3, 0) encodes four scalars belonging to just
one hypermultiplet, so it cannot be further restricted to a quaternionic submanifold.
• By SG4 one denotes the quaternionic space generated by the canonical quaternionic
subalgebra SU(2,1)
SU(2)×U(1) . This manifold of dimension four is not split and the paint group is
Gpaint = SO(2). The Tits-Satake projection of the SU(2, 1) restricted root system gives
a so–called bc1 root system
16, given by the solvable algebra
SolvTS = Span{h, λ, 2λ}, (5.3)
where (h, λ) are generators of Solv(SU(1, 1)) and 2λ is a generator corresponding to a
doubled root. The resulting space MTS is 3–dimensional.
• The L(−3, P ) family consists of the symmetric quaternionic spaces USp(2,2P+2)
USp(2)×USp(2P+2) .
Their paint group is given by Gpaint = SO(3) × USp(2P ). The solvable algebras of
the L(−3, P ) manifolds are described in the following way:
MTS : © λ, mλ = 4P, m2λ = 3 (5.4)
where© represents the Dynkin diagram of A1, λ is the positive root of A1, which in this
solvable algebra occurs mλ times, and 2λ is the doubled root, which has multiplicity m2λ.
The Tits–Satake projection is not a symmetric space and gives again a bc1 root system,
5.3.
rank = 2
• L(−2, 0) is in its quaternionic version given by the symmetric coset SU(2,2)
SU(2)×SU(2) . The paint
group in this case can be found from the Satake diagram and it is Gpaint = SO(2). So, the
space is not split. The Tits–Satake projection in this case leads to the six-dimensional
manifold:
MTS = SO(2, 3)
SO(2)× SO(3) . (5.5)
• L(−2, P ). The quaternionic version is a symmetric space SU(2,P+2)
SU(2)×U(P+2) with paint group
Gpaint = SO(2)
2 × SU(P ). The solvable algebra is described as follows
MTS :
i
λ2
 
@
i
λ1 mλ1 = 2, m2λ1 = 0, mλ2 = 2P, m2λ2 = 1 . (5.6)
We have denoted the restricted root system by its Dynkin diagram, also mentioning the
multiplicities by which the (simple) restricted roots (and their possible doubles) occur.
In this case the projected space, obtained by disregarding all multiplicities has a bc2 root
system.
16The names bc1 and bc2 that are used to denote some of the the TS projected algebras denote, respectively,
rank one and rank two non-simple Lie algebras, see e.g. [23] for more detailed explanations.
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These results are summarized in the table 10, where we organize exotic spaces by just denoting
the type of restricted root system that characterize their Tits-Satake projections.
Table 10: Exotic universality classes of homogeneous geometries and their Tits Satake root
systems.
Universality SK Q Members of the class
Class
bc2 bc1 bc2 L(−2, P ), P > 0
b2
SU(1,1)
U(1)
SO(3,2)
SO(3)×SO(2) L(−2, 0)
bc1 – bc1 SG4, L(−3, P ), P > 0
a1 –
SU(1,1)
U(1)
L(−3, 0)
5.2 The universality classes
Apart from the exotic cases discussed above, we conclude that the other special homogeneous
manifolds corresponding to infinite families of supergravity theories with 8 supercharges in
dimensions D = 5, D = 4 or D = 3, fall into altogether 7 universality classes, displayed in
table 8. Members within the same class are distinguished by different choices of the paint
group and of its representations Qv,s,¯s. The maximal split representative of the class, namely
the Tits-Satake projected manifold is in five out of seven cases a symmetric coset manifold.
The only cases where the Tits-Satake manifold is not symmetric are the families that project
onto L(−1, 1) and L(0, 1, 1). The most populated universality class, which encompasses most
of the homogeneous special geometries is the class L(1, 1), whose split representative has been
studied, from the point of view of cosmic dynamics in [20]. According to the results of [29], for
all the five classes where the Tits-Satake projected manifold is symmetric, the evolution of the
cosmic billiard corresponds to an integrable system for which the solution of the evolutionary
equations can be given in closed analytic form depending on a complete set of initial conditions.
From the point of view of cosmic billiards the open problem is that of understanding the
relation between the complete integral of the evolutionary equations in the non projected case
with respect to those of the projected one. As explained in [20] all solutions of the TS projected
model, which is completely integrable, are solutions of the non projected one and can be further
arbitrarily rotated by means of the paint group to new more general solutions. Yet, counting
of the integration constants shows that the non projected model contains still more solutions
that are not of this type. It is a challenge for future investigations to understand the structure
of the missing solutions and display their relation with the bulk of solutions produced by the
Tits-Satake projection.
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6 Summary and perspectives
In this paper we have shown that the classical mathematical construction of the Tits-Satake
projection can be extended from the case of simple groups that act as isometries on symmetric
spaces to all solvable Lie groups corresponding to homogeneous scalar manifolds of supergravity
models with 8 supercharges. In constructing this extension the key notion is that of paint
group. It turns out that this construction allows to organize solvable Lie algebras and hence the
corresponding supergravity models in a small list of universality classes, where all the members
of the same class share essential basic features of their dynamics, notably their basic cosmic
billiard dynamics. We have also emphasized that the value of such grouping in universality
classes goes beyond the scope of cosmic billiards and it is relevant to the full scope of the
considered supergravity models. We argue that the structuring of the solvable Lie algebra
according to what we named the sub Tits-Satake algebra and the paint group is most probably
a powerful tool to make contact with the microscopic string interpretation of the model in
terms of orbifold compactification plus brane degrees of freedom, the paint group being as the
name suggests related to the permutations of coloured branes.
We have emphasized that, within each universality class of special manifolds, what distin-
guishes the different members, is just a compact part of the isometry group, that we named the
paint group. In this paper we found a general formula, for all homogeneous special geometries,
encoding the systematics of the paint groups which are preserved by the r- and c- maps, which
respectively connect the real, the special Ka¨hler and the quaternionic-Ka¨hler members of the
same family L(q, P, P˙ ) of homogeneous manifolds.
Furthermore, we investigated the structure of the subpaint group (Gsubpaint ⊂ Gpaint), de-
fined as the stabilizer of the Tits–Satake solvable subalgebra. This allows to reformulate the
very notion of Tits–Satake projection in terms of Lie algebra representations and little groups.
We now summarize to the reader how to find these results in the paper. Homogeneous
special manifolds exist in 3 varieties as real, special Ka¨hler and quaternionic-Ka¨hler manifolds
(and they have also an origin from 6-dimensional supergravity, as we explained). The r-map
defines for any such real manifold a special Ka¨hler manifold and the c-map defines for any
special Ka¨hler manifold a quaternionic-Ka¨hler manifold. The r- and c-map also each increase
the rank of the manifolds by one. We consider series of special manifolds connected by these
maps. The list of homogeneous spaces has been given in table 2. Apart from two exceptional
cases, related to pure supergravity in 4 and 5 dimensions, and denoted by SG4 and SG5, they
are characterized by numbers q ≥ −3, P and P˙ with the restrictions as in that table.
We explained, following the ideas of [28], how these homogeneous manifolds are in 1-to-1
relation with solvable algebras of rank at most 4, that describe the translations in the manifolds.
The generators of these spaces are systematically represented by table 1, and the components
of the related root vectors are given in (2.22), where the entries are turned by 90◦ w.r.t. table
1. Observe that the case q = −3 is not a special quaternionic manifold. Its symmetry structure
is not of the form of table 1. In a suitable basis, the solvable algebra of the special Ka¨hler
manifold, denoted as SolvSK , is obtained by just deleting some of the generators of the solvable
algebra of the quaternionic version, denoted by SolvQ. The solvable algebra of the real version,
SolvR, is obtained by further deleting generators of SolvSK . In this way the (inverse) c-map
is the definition of a subalgebra SolvSK ⊂ SolvQ and the (inverse) r-map is the definition of
a subalgebra SolvR ⊂ SolvSK . This is illustrated in table 1. These new definitions allow to
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extend these maps to manifolds that are not quaternionic-Ka¨hler, as is the case for the Tits-
Satake projected ones. With these definitions we obtain the commutativity of these maps with
the Tits-Satake projection, as illustrated in (1.5).
The Tits-Satake projection on an algebra is a subalgebra that includes only one nilpotent
generator for each root vector. Therefore it removes the redundancy of the X, Y and Z
columns indicated in the last row of table 1. In the generic case, the Tits-Satake projected
algebra is thus just the algebra with one entry in any entry of table 1 that is present. Tables 11
and 12 give the resulting Tits-Satake and sub Tits-Satake manifolds. They also mention in the
second column which columns of table 1 are present in each case, and this is sufficient to obtain
the Tits-Satake algebra that is displayed. The paint group is the biggest compact subgroup
of the original isometry group that commutes with the noncompact Cartan generators of the
generating solvable algebra. It has been explained at the end of section 2.1 how these tables
are truncated in special cases with q < 0.
We think that the above results are valuable to provide new insights and tools in order to
solve the following outstanding three problems:
• completion of the smooth cosmic billiard program by extending, if possible, the complete
integration formula found, in [29], for maximally split manifolds (that are related to max-
imal supersymmetry) to the non-maximally split cases (related to lower supersymmetry).
• clarification of the microscopic string interpretation of homogeneous geometries in orb-
ifold compactifications. In particular, one is attracted by the idea of extending the Tits-
Satake projection from the massless sector to the entire massive spectrum of superstrings.
A first example in this direction is shortly discussed in appendix A.
• affine and hyperbolic extension of homogeneous geometries, upon dimensional reduction,
respectively, to D = 2 and D = 1 dimensions following the procedure introduced in [45].
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A The D3/D7–brane system: an application
Recently, [46, 47] considered the low energy dynamics of Type IIB theory compactified to
four dimensions on a K3 × T 2/Z2–orientifold [48, 49], in the presence of n3 D3 and n7 D7
space–filling branes and fluxes. It was found that the scalar manifold of the four dimensional
N = 2 supergravity, describing the vector multiplet sector, had to be the homogeneous non–
symmetric space LSK(0, n3, n7). This was the first application of this Special Ka¨hler space to
the description of a specific microscopic setting.
Let us consider Type IIB superstring compactified on a K3 × T 2/Z2–orientifold, in the
presence of a stack of n3 parallel D3–branes and a stack of n7 parallel D7–branes. The branes
are all space–filling, the D7–branes being wrapped on K3. The resulting low–energy four
dimensional theory has N = 2 supersymmetry. We suppose the branes to be in the Coulomb
phase and we integrate out the massive modes (the existence of supersymmetric vacua in
the low–energy theory would justify a posteriori this assumption). In this phase the scalar
fields describing the positions of the D3 branes along K3, which, in the language of the four
dimensional N = 2 theory, would belong to the hypermultiplet sector, are massive and thus
do not enter our effective description. In fact the quaternionic sector in the model under
consideration describes just the K3 moduli and contains no open string excitation.
The vector multiplet sector of the low–energy supergravity contains three complex scalars
s, t, u originating from the bulk sector and spanning a manifold of the form:(
SU(1, 1)
U(1)
)
s
×
(
SU(1, 1)
U(1)
)
t
×
(
SU(1, 1)
U(1)
)
u
. (A.1)
The s scalar describes the K3–volume and the R–R four–form C(4) on K3, t the T
2–complex
structure and u the IIB axion–dilaton system:
s = C(4) − i Vol(K3),
t =
g12
g22
− i
√
detg
g22
,
u = C(0) − i eϕ , (A.2)
where the matrix g denotes the metric on T 2. The corresponding three vector fields A1µ, A
2
µ, A
3
µ,
together with the vector contained in the graviton multiplet A0µ, originate from the components
Bµa, Cµa of the ten dimensional NS–NS and R–R 2–forms, a = 1, 2 labelling the directions of
T 2, and transform in the (2,2) of SU(1, 1)u × SU(1, 1)t.
The open string excitations describing the positions of the D3–branes and of the n7 D7–
branes along T 2 are described by n3 complex scalars y
r and n7 complex scalars z
k (r = 1, . . . , n3;
k = 1, . . . , n7). These moduli enlarge the scalar manifold (A.1) to the homogeneous, non-
symmetric space LSK(0, n3, n7). The coordinates y
r and zk are in the same supermultiplets
as the D3 and the D7–brane vector fields Arµ and A
k
µ respectively. The prepotential F in the
special coordinates s, t, u, yr, zk is expressed by the following cubic polynomial:
F (s, t, u, xk, yr) = stu− 1
2
s zkzk − 1
2
u yryr , (A.3)
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Considerations based on the analysis of the microscopic system imply that SU(1, 1)s acts as
an electric–magnetic duality transformation [50] both on the bulk and D7–brane vector field–
strengths, while the SU(1, 1)u acts as an electric–magnetic duality transformation on the D3–
vector field–strengths. Likewise the bulk vectors transform perturbatively under SU(1, 1)u ×
SU(1, 1)t while the D3–brane vectors do not transform under SU(1, 1)s×SU(1, 1)t and the D7–
brane vectors do not transform under SU(1, 1)u× SU(1, 1)t. However in the special coordinate
basis all the three SU(1, 1) duality groups have a non–perturbative action on the vector fields
and thus a symplectic rotation is needed to define the right symplectic frame yielding the
correct interactions between vector fields and scalar fields. This new frame does not admit a
prepotential.
Below we give the description of the LSK(0, n3, n7) manifold in terms of Alekseevsky’s
coordinates and then define the precise correspondence between these coordinates and the
complex fields s, t, u, yr, zk defined above. Our identification of the scalar fields with solvable
parameters is described by the following expression for a generic solvable Lie algebra element:
Solv = {
3∑
α=1
ϕαhα + θˆ1g1 + θ2g2 + θ3g3 + y
r±Y ±r + z
k±Z±k } ,
θˆ1 = θ1 + y
r+ yr− + zk+ zk− , (A.4)
where (yr+, yr−) and (zk+, zk−) are related to the real and imaginary parts of the D3 and
D7–branes complex coordinates along T 2. The non trivial commutation relations between the
above solvable generators are:
[h1, Y
±] =
1
2
Y ± ; [h1, Z±] =
1
2
Z± ,[
h3, Y
±] = ±1
2
Y ± ;
[
h2, Z
±] = ±1
2
Z± ,[
g3, Y
−] = Y + ; [g2, Z−] = Z+ ,[
Y +r , Y
−
s
]
= δrs g1 ;
[
Z+k , Z
−
`
]
= δk` g1 ; r, s = 1, . . . , n3 k, ` = 1, . . . , n7 ,
[hα, gα] = gα ; α = 1, 2, 3 . (A.5)
We exponentiate the solvable algebra using the following coset-representative:
L = eθ3g3 ey
r−Y −r ey
r+Y +r eθ2g2 ez
k−Z−k ez
k+Z+k eθˆ1 g1 eϕ
αhα . (A.6)
The order of the exponentials in the coset representative and the particular parameter θˆ1
used for g1, have been chosen in such a way that the axions θ1, θ2, θ3, y
r+, zk+ appear in the
resulting metric only covered by derivatives. The metric reads:
ds2 = (dϕα)
2 + e−2ϕ1
(
dθ1 +
1
2
dθ2(z
−)2 +
1
2
dθ3(y
−)2 + zk− dzk+ + yr− dyr+
)2
+
e−2ϕ2 dθ22 + e
−2ϕ3 dθ23 + e
−ϕ1−ϕ2 (dzk+ + dθ2 zk−)2 + e−ϕ1+ϕ2 (dzk−)2 +
e−ϕ1−ϕ3 (dyr+ + dθ3 yr−)2 + e−ϕ1+ϕ3 (dyr−)2
(z−)2 ≡
n7∑
k=1
(zk−)2 ; (y−)2 ≡
n3∑
r=1
(yr−)2 . (A.7)
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The above metric defines the σ–model action in the vector multiplet sector and is manifestly in-
variant under global SO(n3)× SO(n7). Identifying the axionic coordinates θ1, θ2, θ3, yr+, zi+
with the real parts of the special coordinates s, t, u, yr, xi, and comparing the correspond-
ing components of the metric one easily obtains the following relations between the solvable
coordinates and the special coordinates:
s = θ3 − i
2
eϕ3 ; u = θ2 − i
2
eϕ2 ,
t = θ1 − i
2
(
eϕ1 +
1
2
eϕ2 (z−)2 +
1
2
eϕ3 (y−)2
)
,
zk = zk+ +
i
2
eϕ2 zk− ; yr = yr+ +
i
2
eϕ3 yr− . (A.8)
After having described the local geometry of the LSK(0, n3, n7) space and the corresponding
σ–model action (A.7), let us discuss the TS projection and its microscopic meaning. The TS
projection yields the space LSK(0, 1, 1), which describes the situation in which we have 1 D3
and 1 D7–brane. The fact that the position of the billiard walls does not depend of the number
of branes stems from the fact that the dilatonic scalars (e.g., in the four-dimensional case, the
imaginary parts of the s, t, u scalars), being bulk fields, couple to colour–singlet combinations
of open string excitations (scalars and vector fields in four dimensions). For instance Im(s),
namely the volume of K3 (in the string frame), defines the effective YM coupling constant
g
(7)
YM on the D7–brane world–volume theory compactified on K3, while Im(u), namely the ten-
dimensional dilaton, defines the YM coupling constant g
(3)
YM on the D3–brane world–volume
theory. These scalars will therefore couple to the vector fields on the two kinds of branes as
follows:
−
(
1
g
(7)
YM
)2 ∫
D7
Tr(F 2) ∝ Im(s)
∫
D7
Tr(F 2) ,
−
(
1
g
(3)
YM
)2 ∫
D3
Tr(F 2) ∝ Im(u)
∫
D3
Tr(F 2) , (A.9)
where the trace is defined on the generators of the U(n7) and U(n3) colour–groups respectively.
In the Coulomb phase these groups are spontaneously broken to their maximal torii. Upon
dimensional reduction to D = 3, the n3 + n7 boundary vectors yield 2(n3 + n7) axions which,
however, define through the couplings (A.9) just four walls with a certain degeneracy (colour)
each.
B Properties of real Clifford algebras
In this section, we will recall some properties of real Clifford algebras. Some reviews are in
[51, 52]. We will restrict to Clifford algebras with positive signature. The (q + 1)-dimensional
real Clifford algebra C(q + 1, 0) is generated by real matrices γµ (µ = 1, · · · , q + 1) satisfying
γµγν + γνγµ = 2δµν . (B.1)
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Table 13: Real Clifford algebras C(q + 1, 0), the dimension Dq+1 of their irreducible repre-
sentations, and the metric preserving group in the centralizer of the Clifford algebra in the
(P + P˙ )Dq+1-dimensional representation. Here F(n) stands for n× n matrices with entries in
the field F.
q q + 1 C(q + 1, 0) Dq+1 Sq(P, P˙ )
−1 0 R 1 SO(P )
0 1 R⊕R 1 SO(P )× SO(P˙ )
1 2 R(2) 2 SO(P )
2 3 C(2) 4 U(P )
3 4 H(2) 8 U(P,H) ≡ USp(2P )
4 5 H(2)⊕H(2) 8 USp(2P )× USp(2P˙ )
5 6 H(4) 16 U(P,H) ≡ USp(2P )
6 7 C(8) 16 U(P )
7 8 R(16) 16 SO(P )
n+ 7 n+ 8 R(16)× C(n, 0) 16 Dn as for q + 1 = n
The main properties are given in table 13, which we will now further explain.
When q + 1 = 0, 1, 2 (mod 8), the matrices of the complex Clifford algebra can be chosen
to be real. So in these cases, the dimension of an irreducible representation is given by the
dimension of the corresponding complex representation. If this occurs, the real Clifford algebra
is said to be of the normal type. In the other cases, it is possible to obtain a real representation
of dimension twice that of the complex representation. Indeed, many representations contain
only purely real or purely imaginary matrices. Real matrices of double dimension are then
obtained by considering the following matrices:
Γa = γa ⊗ 2 if γa is real, Γa = γa ⊗ σ2 if γa is imaginary . (B.2)
Consider now a real irreducible representation of the Clifford algebra C(q + 1, 0), given by
Dq+1×Dq+1-matrices γµ, where Dq+1 is given in table 13. Consider a real Dq+1×Dq+1-matrix
S satisfying
[S, γµ] = 0 . (B.3)
According to Schur’s lemma, matrices that commute with an irreducible representation of the
Clifford algebra must form a division algebra. This leads to distinction in a normal, almost
complex and quaternionic case.
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B.1 The normal case
As already mentioned, this occurs when
q + 1 = 0, 1, 2 mod 8 . (B.4)
In this case the general form of the matrices S, commuting with all γ-matrices, is
S = a , (B.5)
where a is a real constant. The dimension of the irreducible representation is given by Dq+1 =
2l, where q + 1 = 2l or 2l + 1. For q + 1 even this irreducible representation is unique (up to
similarity transformations), while for q+1 odd, the representations γµ and −γµ are inequivalent
and constitute the 2 possible irreducible representations one can have. In this case the product
of all γ-matrices is moreover given by plus or minus the identity.
B.2 The almost complex case
This occurs when
q + 1 = 3, 7 mod 8 . (B.6)
The irreducible representation is unique and has dimension Dq+1 = 2l+1. The general form of
the matrices S is given by
S = a + bJ , (B.7)
where a, b are real constants and where the real Dq+1 × Dq+1-matrix J commutes with all
γ-matrices and squares to − . J is given by
J = ±γ1 · · · γq+1. (B.8)
B.3 The quaternionic case
This occurs when
q + 1 = 4, 5, 6 mod 8 . (B.9)
The dimension of the irreducible representations is given by Dq+1 = 2l+1. It is unique for q+ 1
even, while there exist two inequivalent irreducible representations when q+ 1 is odd. The two
irreducible representations are again related to each other by a minus-sign. The general form
of the matrices S is now given by
S = a0 +
3∑
j=1
ajEj , (B.10)
where the constants a0, ai are all real. The three matrices Ei commute with the γ-matrices
and they satisfy a quaternion relation:
EjEk = −δjk +
3∑
l=1
jklEl . (B.11)
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B.4 The structure of Sq(P, P˙ )
The representations of the real Clifford algebras we are working with, need not be irreducible.
If one has a reducible representation, one can choose it to be of the form
γµ = P ⊗ γirrµ for q 6= 0 mod 4 , (B.12)
γµ = η ⊗ γirrµ for q = 0 mod 4 . (B.13)
where γirrµ is an irreducible representation of the Clifford algebra, and where η = diag( P ,− P˙ ).
The group Sq(P, P˙ ), appearing in the isometry groups of homogeneous very special spaces is
generated by all antisymmetric matrices that commute with all γ-matrices. In the normal case
and when q 6= 0 mod 4, the generators of Sq(P, P˙ ) are given by:
S = A⊗ . (B.14)
where A is an antisymmetric P × P -matrix. When q = 0 mod 4, the matrix A has to be
replaced by a matrix consisting of 2 blocks : one P × P and one P˙ × P˙ antisymmetric block.
In the almost complex case, the generators of Sq(P, P˙ ) are of the following form
S = A⊗ , or S = B ⊗ J , (B.15)
where A,B are antisymmetric, respectively symmetric P × P -matrices. In the quaternionic
case, when q 6= 0 mod 4, the generators of Sq(P, P˙ ) are
S = A⊗ , or S = B ⊗
(
3∑
j=1
ajEj
)
, (B.16)
where A,B are antisymmetric, respectively symmetric, P×P -matrices. Again, when q = 0 mod
4, one should look upon A and B as (anti)symmetric matrices consisting of (anti)symmetric
P × P and P˙ × P˙ blocks.
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